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We model the arrival of calls at a switch where they are assigned to any
one of the available idle outgoing links. A call is blocked if all links are busy.
It may be lost after assignment to an idle link with a probability that depends
on the link. For the case of Poisson arrivals and exponential holding times,
all show that the distribution of passage time to the blocked state is independ-
ent of the assignment policy. As a consequence, the blocking probability and
the law of the overflow traffic are also independent of the assignment policy.

I. INTRODUCTION

Telephone calls arrive at a switching center in a Poisson stream of
rate A. When a call arrives, the switch, in accordance with a pre-
specified policy, assigns the call to one of the idle outgoing links. If
the call is assigned to the idle link i, there is a probability 1 — ¢; that
the call is unsuccessful, and probability ¢; > 0 that it is successful. An
unsuccessful call is immediately lost and link i remains idle. If the call
is successful, link i immediately becomes busy and remains in that
state for a holding or conversation time, which is an exponentially
distributed random time with mean 1/u. At the end of this holding
time link i returns to the idle state again.

The preceding paragraph describes a model that approximates the
behavior of a single node in a telephone network. In an actual network,
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for a call to be placed successfully a circuit or path of idle links must
be established between the call’s originating node and the destination
node. The node where the call arrives assigns it to one of its idle links,
say, link i. As the call proceeds from node to node towards its
destination, it may encounter a node all of whose outgoing links are
busy, in which case the call is lost. The probability that this may
happen is 1 — ¢. This probability depends on the entire path that the
call follows. It is assumed here, however, that the probability depends
only on the initial link i. Such a link-by-link analysis is a common
approximation in traffic theory.!

Suppose the model has n outgoing links indexed i € Q := {1,
2, - - -, n}. The state of the links or of the switching node is the subset
I C Q of idle links. So the state space is 2% and there are 2" states. The
state where there is no idle link, namely state ¢, is the blocked state.
In a manner specified precisely in the next section, each switching
policy u defines an irreducible Markov chain on this state space. Let
7.(I) be the first time that, in equilibrium, the chain starting in state
I reaches the blocked state ¢, and let p, be the time to return to ¢
after leaving ¢.

In this paper we show the surprising fact that the distributions of
7.(I) and p, are independent of the policy u. Several consequences
follow from this: First, the blocking probability p.(¢), an important.
performance measure, is independent of u. Second, the process of
blocked calls* has a law that does not depend on the policy u either.
Hence, in designing a switching policy one need not worry about
blocked calls since they cannot be affected by the policy anyway. The
overflow process, which consists of both lost and blocked calls, does
of course depend on the policy.

This paper is organized as follows. Section II presents the Markov
chain description. Section III gives the calculation of the distribution
of the passage time 7,(I). An algorithm is given to evaluate these
distributions. Section IV contains two examples. For the special case
where there are only two possible values for the loss probabilities e;,
the algorithm simplifies. For this case a formula for the blocking
probability is conjectured. The formula extends the well-known Erlang
formula and it has been verified for many examples. However, a proof
of its correctness is not yet available.

l. THE MARKOV CHAIN DESCRIPTION

A policy u prescribes, for each state I, the probability with which an
arriving call is assigned to an idle link i € I. Thus u is specified by an
array u = {u(l, i), i € I # ¢} such that u(Z,7) = 0, 3; u(l, i) = 1.

Each u defines a transition rate matrix R, = {R(I,J), I C Q, J C Q}
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whose nonzero elements are
R.(I, I = i) = Null, 1), el
RLI+jy=pn J&I
R, 1) =~ Y \ull, i) — (n— |I|)p, (1)

ie
where \;:= g\, I —i:=1I\i, I +j:=1U{j}, and | I| is the cardinality
of I. The first expression in (1) gives the rate with which an idle link
becomes busy, the second gives the rate with which a busy link becomes
idle, the third gives the diagonal term R, (I, I} = Y5 R.(I, J). For
later reference observe that the column of R, corresponding to the
blocked state has elements

Ru(d)y d)) = —nu, Ru({l}’ d’) = }\iy
Rul, ¢) =0 for |I|>1 (2

Since each ¢; > 0 by assumption, it follows that the chain defined
by R, is irreducible and possesses a unique invariant positive proba-
bility measure {p.(I), I C Q}. In particular, p.(¢) is the equilibrium
blocking probability. It will be shown to be independent of u. This is
surprising in view of the fact that, if the ¢; are all different, then for
every I # ¢, p.(I) depends on u.

Suppose the chain starts in state I # ¢ at time 0 and let 7,(I') denote
the first time the chain rpaches ¢. The distribution of 7,(I) can be
obtained as follows. Let R, be the rate matrix obtained from R, by
making ¢ an absorbing state:

R.(¢,/) =0, R, J) =R J), [#¢. (3)

Let e, = {e;(I), I C Q} denote the (column) vector whose only nonzero
component is e;(J) = 1. Let p, = { p,(J)} be the solution of

p(J) = %p:(K)Ru(K, J),  po=er (4)

Then one has
Prob{r.(I) =< t} = p(s),

i.e., p.{¢) is the cumulative distribution function of the first passage
time 7,(7). From (4) it follows that the Laplace transform F,(I, s) of

p:(9) is given by
F.I, s) = ef(s 7— R.) e, (5)

where _7 is the identity matrix.
The next section is devoted to the main result:
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Theorem 1: (s 7 — f{u)'led, does not depend on u.

The theorem has several consequences. First, it shows that the
distribution of the passage time 7,(I) does not depend on u. Second,
suppose the chain corresponding to R, leaves state ¢ at time 0-. Then
at time 0 it enters one of the states {1}, - - - , {n}, each with probability
1/n. Let p, be the first time that the chain returns to ¢. The Laplace
transform G,(s) of Prob{p, < t} is simply

Gu(s) =

S

3 Rl 5),

which is independent of u. In particular, the expected value p of p, is
independent of u. The expected holding time in state ¢ is 1/nu, and
so the blocking probability

pu(¢) = 1+ nup

is also independent of u. Finally, the process of blocked calls can be
described by a sequence of independent intervals Sy, Ty, So, T, - - -
Each S; has the same distribution as p.{(¢), and during this interval
there is no blocked call. Each T; has the same distribution as the
holding time in state ¢, and during this interval all arriving calls are
blocked. Thus the statistics of the blocked call process are not affected
by u.

IIl. CALCULATION OF (s _Z=- R,) e,

Throughout this section a fixed policy is considered and so the suffix
u is dropped.
Using (1) through (3) write

R=A,+A, + B,
with the nonzero elements of these matrices being
A\, I — 1) = Nu(l, i), i€l and I—-i#¢
AL =-Y \ul,i), I#¢

ier
AL I+j)=p JjEI and I#¢
AL D=—-n— I, I#¢
B({i}, ¢) = R({i}, ¢) = A\
Then
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A)\(d), ) EA)\('y d)) EAM(¢’ ) EAu("¢)an (6)
and for any vector x = {x(I)},
(Ax)I) =Y AL, J)x(J) = EI Nu(l, i)x(I—1)
J 1
1-i%¢

= 2 Au(l, i)x(), (7
ier
(Ax)I) =p %x(Iﬂ') —(n=1px(I), I#¢
J

=0, I=¢: (8)

First one calculates R%,, d = 0.
From (6)

vy = Re¢ = Be¢ (9)

so its only nonzero components are vy({i}) = A;. In particular, since
vi{¢) = 0, it follows that

Rie, = (A + A,)% vy, d=1. (10)

The appendix introduces vectors wy and z4, d = 1. [See egs. (16)
through (19) and (24) through (26).} Define vectors v, by

ve(l) = (=) w(I), 1=<=d=n+1. (11)

It can be checked that v, given by (9) and (11) are the same.
Next one evaluates A,vg.

Lemma 1: Va1 = Ayvg, l1=d=n (12)
Va+r = — z zr(Q)Vn+1—r- (13)
r=1

Proof: Since wy(¢) = va(¢) = 0 and since A\(-, ¢) = 0, therefore,
trivially,

Var(9) = (Axva)(¢) = 0.
Now suppose I = {i}. From (7) we get
(Awva)(fi}) = =Nva({i})
= —N(=1)*wa({i})
= (=1)*'wan({i}), by Lemma 3,
= van({i}).

Next suppose || = 2. From (7)
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(Awva)I) = X Al i)vaI = i) — T Null, i)va(l)

el el

= Y u(l, (=D Nwa(D) + Nwa(l = i)]
iel

= (—1)Hi+ {Z u(l, i):IWd+1(I), by Lemma 3,

el
= (D" wai(I) = vau ).
Finally,
Vorr(I) = (=) w,4(1)

—=(=D"** ¥ (-1)Z2(QWps1-(I), by Lemma 7,
r=1

= = T 2 QVarD). H

Next one evaluates A,v4. Define

g-= 2 M.
eQ
d—1
Lemma 2: Ava=—p Y (-1)q Ve, — p(n — d)vg, d=1. (14)
r=1

Proof: From (7), and for I # ¢,
(Ava)I) = p EI vall +j) — (n — |1 pva(i)

= p(=1)l1*¢ [ %JI wy(l +j)+ (n — III)Wd(I)]

d-1 d-1
= (=1l [ 2 X Nwa (D) + % ¥ Njwa_(I)

JEI r=1 r=1 jeI

+ (n — d)wgy(I)], by Lemmas 4 and 6,

d-1
p(—1) i+ [g,l gwa(I) + (n — d)Wd(I)]

d-1
= —[Z (=1)gva-rI) + (n — d)Vd(I)J- ]

r=1

These two lemmas yield the next corollary.
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Corollary 1: For each d = 1, there exist coefficients g, « -+ , Ctgdnn NOL
depending on u such that

dAn
Rde¢ = E AgeVe,

e=1
where d A n := min(d, n).
Proof: This is apparent from egs. (10) through (14) and the fact that
the vectors wy, z4, and g, do not depend on wu.

Corollary 1 implies the existence of coefficients ao(s), ---, aa(s)

such that

(s7 — R)ley = agey + auVy + -+ - + o,V
These coefficients can be readily calculated. Multiplying both sides by
(s.7 — R),

(s 7 — R)es + Y aa(sZ — R)vy
1

e¢ =
n n n
= 0pS€y — oV + Z ogSVyg — 2 adAde - 2 adA,,Vd
1 1 1
n n
= aoses + X, (aaS — @a-1)Va — 0n 2 Zn+1-a(Q)Va
1 1
n d-1 n
+uYag Y (-1)q Ve, + p ) ai(n — d)va.
1 r=1 1
Rearranging terms and equating the coefficients of e4, vy, ---, Vv,
gives
g = S_l
n—d
g = [s+ (n — dplag + ¢ Y (=1)q0asr
r=1
— Zpr1-a(Q)ain, l<d=n

The last n equations are in “triangular” form and can be solved
recursively to yield

an—r = QS)atn,
where Q,(s) is a monic polynomial in s of degree r. This gives

a = Ly Qn(s)an.
S

Hence
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(57— R)e, =~ e, + [@na(s)vs + -+ + @u(8)Vie + V.

Qn( )
Since the right-hand side does not depend on u, this proves Theorem
1, announced in the previous section.

IV. EXAMPLES

Suppose the n links are grouped into two “trunks,” trunk 1 with n,
and trunk 2 with n; links, n, + ny; = n. The loss probability of every
link in trunk i is the same, namely, 1 — €. In this special case one may
construct a Markov chain with state (i, i), where 0 < i, <= n,and 0 <
Iz < ny are the number of idle links in trunks 1 and 2, respectively.
The number of states reduces to (n; + 1)(ny + 1). (Of course, if links
within the same trunk are distinguished, then 2" states are needed as
before.) This reduction carries over to the argument in the appendix,
and so one can define the “generating” vectors wy, vq with components
indexed by the reduced state (i3, i5). The recursive definition of wy can
be explicitly solved to obtain

d—ip
waliy, 1) = Y, B(k, i)B(d — K, i)AMNS T,
b=iy
where
ki .
. k—2—]
B(k, 1) = )
9 ,-§, ( t=J )

Also, as before,

vally, i) = (1)1 wy(iy, i), l=<ds=n
n
Viia(in, o) = =2, Z(n1, n2)Vus1—r(is, i2),
r=1

where

d
24y, i) = Y C(k, i)C(d — k, i) \INS ¥,
k=0

Ck, i) = <;>

Let p.(i1, i2) denote the probability that in equilibrium 7,(i;) links in
trunk 1(2) are idle. This probability generally depends on u. However,
5 .= pu(0, 0), the blocking probability, is independent of the assign-
ment policy. Calculating this explicitly in terms of the parameters A,
X2, 1, and for small values of ny, n, suggests the general formula:
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Table I—Blocking probabilities

Policy ) )2 Py
m=9n=9 u 0.178 0.82 X 1073 0.502
y=10 72 0.84 x 1073 0.122 0.502
n =9, n, =19 u 0.498 0.807 x 10°® 0.63 X 1073
y=20 Uy 0.14 x 1073 0.44 X 107 0.63 x 1073

Notation: y = \u™, pr = X, p(0, 2), p2 = 3, pliy, 0)

nyt+n, d

pit = % Y v(@ dyiyz®, (15)

d=0 i=0
where y; := \iu™), i = 1, 2. The coefficients v are given by the recursion
v(@, 0) = 1, all i
v(@i,d) =0, 1>d or i<O0
i, d+1) = — i+ 1)v(iE—1,d) + (no — d + i)y(i, d).

The formula (15) reduces to the Erlang loss formula when y; = y,. It
is true for all yy, ¥. and n;, + ne < 3, and it has been verified for many
particular cases. However, a proof of correctness is not available.

Consider now two numerical examples. In both ¢ = 0.81, ¢ = 0.7.
Let u,, respectively u,, denote the “overflow” policy that assigns every
call to trunk 1, respectively trunk 2, if it has an idle link. The table
below shows that the probability of blocking a single trunk does vary
considerably with policy, but the probability of blocking both trunks
does not vary.
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APPENDIX
For d = 1 define vectors wy = {wu(I), I C Q] as follows: -
wu(l) =0, {I| >d (16)
wa(l) = Ex N, Il =d (17)
wa(l) = Nwai(I) + hwar (I — i), (18)
where i:=min{j|jE I}, 0<|I|<d,
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wa(¢) = 0. (19)
Lemma 3: wa(l) = waa(I) + Awa (I —j),
JEI I1CQ, d=2. (20)

Proof: By direct verification we see that (20) is true for d = 2. Suppose
it is true for d < e, and consider d = e + 1. If |I| > e + 1, (20) is
trivial.

Suppose |I| = e + 1. Then, from (17),

We+l(I) = II >\i-
el

On the other hand, if j € I, then

Nwell) + NweI—j) =0+ % I N=1\
el—j 1

and so (20) again holds.

Finally, suppose 0 < |I| < e + 1, and let i = min{j|j € I}. Then by
(18),

Wei(l) = MNwo(I) + Awe(l — ). (21)
If j = i then (20) again holds. Suppose j # i. By induction hypothesis,
w(I) = Nwea(l) + NWer(I =)
W (I — 1) = \Wer(I — i) + Nywen (I — 1 — ).
Substitution in (21) gives
Weit(I) = MN[Wei(T) + Werr (I — J) + Wer(J — 1)
+ Wl —i—j)]
= NAWer (1) + Nwei(T — D)] + NAwe (I — )
+ ANiWe(I — j — )]
= Nwo(l) + Nwe(I — j), by induction hypothesis. []
Lemma4:  wall +)) = di: Nwarl), je&L
Proof: From (20)
wa(l +j) = Nwai(I + ) + Niway (I).

The assertion follows by iterating on the first term on the right. O
Let N(I, d) denote the set of all | I'|-tuples n = {n;|i € I} such that
n;=1and ¥n;=d.

Lemma 5: wqa(l) = Y I AW

neEN(I,d) i€l
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Proof: If d = 1, the assertion is immediate. Suppose it is true for some
d=1.From (20) andj& I

wan(l) = N[wall) + wa(l — j)]
= 2 NIL AN+ 2 A IIAE

neN(I,d) el nEN(I—j,d) iEel-j

The first term is the sum over all n € N(I, d + 1) with n; > 1, while
the second term is the sum over all n € N(I, d + 1) with n; = 1. Hence
the assertion is true for d + 1. O

d_
Lemma 6: d— |I)ws) = 21 > ANwl).

r=1 jeI

Proof: By Lemma 5, the right-hand side equals

d-1
Y OOY MO (22)
r=1 jelneN(,r) 1=

Each term in (22) is of the form

II A (23)
i€l

for some m € N(I, d). Hence the assertion will be proved if it is shown
that each of the terms (23) appears exactly (d — |I]) times in (22).
Fix m. Then (23) appears in the sum (22)
YOI A
neN(ILr) el
if and only if m; > d — r, or r > d — m;. Therefore, the term (23)
appears in (22) exactly ¥;er (m; — 1) = d — |I| times, as required. O
Next, for 1 < d < n define vectors {z4(I), I € Q} as follows:

(D) = 3 A (24)
zol) =0, O0=<]|I|<d (25)
za(I + j) = Nza—1(I) + za(I). (26)

Lemma7: Letd=|J| and I CJ. Then fore=1
d
Warell) + Y (=1)2A(J)Ware-r(I) = 0.
r=1

Proof: If I = ¢ the assertion is trivial by (19). We first prove the
assertion for I = J # ¢ using induction on d. If d = 1 and I = {i}, then
Wire(l) = Niwetl), by (20)

= zil)we(I), by (24).
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Suppose the assertion is true for 1, ---, d. Let [I| = d and j & L
Then by (20),

Wd+1+e-—r(I +]) - )\de+e—r(I + ]) = )\jwd+e—r(1)-

Multiplying both sides by z.(J) for r = 1 and summing forr=0, .-,
d + 1 gives

Warsell +7) — >\jVVd+e(I + ])
d+1

+ 2 (_1)rzr(J)[Wd+1+e—r(I + J) - )\jwd+e—r(I + .])]

d+1

= >\j[Wd+e(I) + 2 (_l)rzr(J)Wd+e—r(I)]

r=1

d
Alware(I) + Zl (=1)z(J)Wase—r(D)],

since Zg+1(J) = 0 by (25)
= 0 by induction hypothesis.

Hence,

d+1

0 = Warreell +J) = AWareI +J) + 22 (=1)TzJ)

+ >\jzr-l(fJ)]‘Wd-l-lﬂe—r(I + ]) - zl(J)Wd+e(I + ])
= (=" 241 (J)NWer (I + j)

d+1
Wartrell +7) + X (=12 + j)Wasrse-rI + ),

r=1

using (26) and the fact that z4,(J) = 0 by (25).

This completes the proof for the case when |I| = |J|. For the case
|I| < |J| the proof proceeds as in the last step using induction on
|J| for fixed I. O
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