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Many signals can be modeled as probabilistic functions of Markov chains
in which the observed signal is a random vector whose probability density
function (pdf) depends on the current state of an underlying Markov chain.
Such models are called Hidden Markov Models (HMMs) and are useful
representations for speech signals in terms of some convenient observations
{e.g., cepstral coefficients or pseudolog area ratios). One method of estimating
parameters of HMMs is the well-known Baum-Welch reestimation method.
For continuous pdf’s, the method was known to work only for elliptically
symmetric densities. We have recently shown that the method can be gener-
alized to handle mixtures of elliptically symmetric pdf’s. Any continuous pdf
can be approximated to any desired accuracy by such mixtures, in particular,
by mixtures of multivariate Gaussian pdf’s. To effectively make use of this
method of parameter estimation, it is necessary to understand how it is affected
by the amount of training data available, the number of states in the Markov
chain, the dimensionality of the signal, etc. To study these issues, Markov
chains and random vector generators were simulated to generate training
sequences from “toy” models. The model parameters were estimated from
these training sequences and compared to the “true” parameters by means of
an appropriate distance measure. The results of several such experiments
show the strong sensitivity of the method to some (but not all) of the model
parameters. A procedure for getting good initial parameter estimates is,
therefore, of considerable importance.
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I. INTRODUCTION

The theory of signal representation based on Hidden Markov
Models (HMMs) is well established and has been applied to text
analysis,! coding theory,? ecology,® and most recently, speech process-
ing.® The form of the HMM that we are considering is sketched in
Fig. 1. The Markov chain has N states, and transitions between states
are governed by a stochastic transition matrix, A, with elements a;;,
where

a; = probability of making a transition to state j,
given currently in state i.

In a given state, j, the observed output of the model is a random vector
with a probability density function (pdf) b;.

Given the model of Fig. 1, it is necessary to be able to estimate the
model parameters (i.e., the transition matrix, A, and the pdf’s b;) from
training data consisting of observations of output sequences generated
by the model. One very useful method of parameter estimation for
HMMs is the Baum-Welch reestimation procedure.” For the case of
continuous pdf’s of interest here, the method was originally shown to
be valid for log-concave densities.” This restriction was relaxed by
Liporace,® who extended the applicability of the method to elliptically
symmetric densities. However, this class of densities is still too restric-
tive for many interesting problems (e.g., measured densities of various

v

Fig. 1—Markov model with N states.
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speech parameters). Therefore, we consider a more general represen-
tation of the density—a finite mixture of the form

M
bj(x) = 2_ ij./V[X, Mim, Ujm] j= 19 N, (1)

1

where .# may be any log-concave or elliptically symmetric density,
and is assumed to be Gaussian in our present study. The vector x is
the observation vector. The vector u;, and the matrix U,, are, respec-
tively, the mean vector and the covariance matrix for the mth mixture
component in state j. The coefficients, c;», are the mixture gains, and
satisfy the stochastic constraint

M
2 Cim = 1’ Cim = 09 (2)
m=1

so that

J: bjx)}dx=1, j=1,N. 3)

The representation of eq. (1) can be used to approximate arbitrarily
closely any finite, continuous density function; hence its appropriate-
ness to a wide range of problems. It has recently been shown?® that the
reestimation procedure of Refs. 7 and 8 can be extended to cover the
mixture representation of eq. (1).

To understand the properties of such HMMs, and to study the
sensitivity of the parameter estimates to the details of the estimation
procedure, we have simulated several “toy” models and examined the
effects of sample size, initial parameter estimates, model inconsisten-
cies, etc., on the corresponding estimated models. In this paper we
present the results of our simulations. Since we have studied only a
few, carefully selected cases, we make no claims about specific sample
sizes, range of initial parameter values, etc. Instead, it is intended that
the examples presented allow the reader to understand the nature of
the representation, and thereby use it appropriately for his or her
particular application.

The outline of this paper is as follows. In Section I we show how a
toy model or HMM sequence generator can be implemented to provide
appropriate training sequences for estimating model parameters. In
Section II we review the continuous density HMM. In Section III we
describe a series of experiments designed to study the sensitivities and
properties of the HMM signal representation. Finally, in Section IV
we review the key results and discuss their implications for practical
problems.
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Il. REVIEW OF THE CONTINUOUS HMM

Consider an N-state Markov chain where we label the states ¢, g.,

-, gn. The Markov chain is characterized by its state transition
matrix A = [a;]. Each state g; is characterized by a continuous
multivariate, probability density function b;(x), where x is a K-
dimensional observation vector.

Given a sequence of observations, O = Oy, O,, - - . , Or, where each
O, is a K-dimensional vector, we can calculate the likelihood of O,
given a model M. We denote the likelihood as # (0| M). Following
Baum,'® we can define a set of forward and backward likelihoods, a,(t)
and B.(j) respectively, where, for1 <i,j<N,and 1<t =< T,

o, (i) = Z(0y, Oy, ---, O, and g; at time t| M) 4)
and
B:(j) = £(0p410:42 - -- Orlg; at time ¢t and M). (5)

Baum has shown that «,(i) and 8.(j) can be computed recursively.
Assuming that we start in q;, whereby ap(1) = 1, ap (i) = 0, 2 =
i=<N,andBr(j)=1,1=j=<N,thenforl <t =< T we get

N
a(j) = [2 at—l(i)aij:lbj(ot)y (6)

i=1

andforT—1=t=0,
N
B (i) = '21 ;b (0441)Be+1(J)- (7)
=
Thus, .#(0 | M) can be efficiently evaluated as

N N
Z(0|M) = 21 21 ¢ (1)a;6;(0r41)Be+1(j), (8)
i=1 j=
for 0 < t = T — 1. The parameters of the HMM are estimated by
finding some M that is a local maximum of .#(O|M) for a given
observation sequence Q.
Using the mixture density of eq. (1) as the parameterized pdf’s
b;(x), the model M is specified by the following:

number of states in the model

number of mixture densities for each distribution

number of dimensions of each observation vector

[a;] = state transition matrix

[cim], where ¢j» = mixture gains for mth mixture in state j
[#jme), where pjme = the kth component of the mean vector ujn,
for mth mixture in state j

*arxRZ
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U = [Ujnu], where Uj,u = the (k, [)th entry of the covariance matrix
for the mth mixture in state j.

Given the values chosen for N, M, and K, and a set of initial guesses
for A, C, u, and U, a set of reestimation formulas is available® for
optimizing #(0Q | M), for a given training set of observations O.

There are two general cases of the model that are of interest, namely
the ergodic case in which the Markov chain is ergodic (i.e., all states
are aperiodic and recurrent nonnull) and the left-to-right case in which
a transition from state g; to state g; is possible only if j = i (i.e., there
is a sequential progression through states of the model). Both general
cases are of interest for real-world applications.

2.1 Toy Markov model generator

In order to investigate the behavior of the parameter estimation
algorithms for the continuous HMM, a toy Markov model generator
was implemented. Its function was to generate an observation sequence
(for the ergodic case), or a set of observation sequences (for the left-
to-right case), for an input model specification M;,. Each observation
generated by the model was a K-dimensional vector according to the
probability density b;(x) for the jth state.

The algorithm used to generate the observation sequences is the
following:

1. Set the state index, j = 1 and the time index, ¢t = 1.

2. Partition the unit interval proportionally to ¢;,, 1 = m <= M.
Generate x, a random number uniform on [0, 1]. Select the mixture
density, I, according to the subinterval in which x falls.

3. Decompose U;; into QAQ’, where Q is the matrix of eigenvectors
of U;; and A is the diagonal matrix of eigenvalues of Uj,.

4. Generate a K-dimensional normal deviate, y, of zero mean and
covariance A.

5. Set 0, =Qy + Mt

6. Partition the unit interval proportionally to g, 1 <= k& < N.
Generate x, a random deviate uniform on [0, 1] and select the next
state, i, according to the subinterval in which x falls.

7. Increment t.

8. If t = T go to 2; else, stop.

The Markov model generator was specified by a model M;,, and by
a limit on the number of observations T, or on the number of sequences
Q (for the left-to-right case). Each individual sequence, in the left-to-
right case, started in state ¢, (at observation 1) and terminated in
state gy (at observation T'), with the property that it had to have been
in state gy for at least L observations. (Typically L was 5 to 10.)
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HI. EXPERIMENTAL EVALUATION OF THE REESTIMATION PROCEDURE

A series of experimental evaluations of the reestimation procedure
were made to determine the sensitivities of the algorithm—and hence
the resulting HMMs—to aspects of the observation sequence used to
train the model. Using the toy Markov model generators, several input
source models were defined (i.e., the model parameters were specified)
and several sets of observation sequences were generated from the
models. For each input source model, the reestimation algorithm was
used to obtain locally optimal model parameters based on the gener-
ated sequences and initial estimates. The resulting model M was
compared with the source model using a probabilistic distance
measure'! of the form

log{.Z (O, | Min)] — log{-# (0w, | M)]
Tin ’

where Oy, was a set of observations generated by the toy model M,
and Ti, was the total number of observations in this set. The distance
measure of eq. (9) gives the normalized difference in log likelihoods of
the observation sequence coming from the true toy model, and of the
likelihood of its coming from the estimated model, where the normal-
ization is the number of observations in O, . Previous experience

with D has shown that this measure is very effective for comparing
HMMs.!!

DMix, M) =

9

3.1 Correlation of model distance to changes in model parameters

Before investigating the sensitivities of the reestimation procedure
to various model parameters and initial conditions, a preliminary
experiment was run to measure the correlation of model distance to
changes in model parameters. For this experiment, the initial (ergodic)
model had the specifications

M=N=K=2
_[os o2 _Jo.15 025
A'psoJ’ C“k% %J

_J1. s _[5. 9.
M-=18. 4" ¥ T8 2

a2 |7 3 10 2
Ull.. - _2 4] ’ U21.. - [3 7:l ) U12.. - [2 10]

8
Ug. = 1]

1 8]
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A new model was created in which all model parameters remained the
same except for one set, in which the columns of the corresponding
matrix or matrices were reversed, i.e., a; became a;;, or ¢;» became c,,;,
etc. In this manner we could study the effects of changing only a single
parameter set on the model distance. A smooth interpolation between
the parameter set for the initial model and the reversed parameter set
was made by changing the parameter set in steps, and then measuring
model distance at each step. In particular, if we denote the matrix in
the initial model by X and the reversed matrix in the new model by
X’, the intermediate matrices X” were formed by
1 ) ,

TR T T R
where the deviation factor & = ¢, 2¢, - - - , 2% and ¢ = 0.016.

The results of this preliminary experiment are shown in Fig. 2,
which gives a series of plots of model distance D, versus signal-to-
noise ratio v, defined as

X »

X2
IX - X"’
where | - || denotes matrix norm (| X||* = ¥; ¥; x% for X = [x;]) for

changes in A, C, and u. (Curves similar to that for 4 can be obtained
for changes in U.) It can be seen that perturbed models are far more

Y = 10 logm

0.25

0 # VARIABLE
® A VARIABLE
A C VARIABLE

0.10

DISTANCE

1
-0.02
0 30 40

SIGNAL-TO-NOISE RATIO IN DECIBELS

Fig. 2—Distance as a function of parameter deviation for changes in p, A, and C.
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distant (in the probabilistic distance sense) from the initial models
when u is perturbed than when the transition probability or the
mixture gain parameters are perturbed. In general, the HMMs are
indeed much more sensitive to small errors in u values than to small
errors in C or A values unless the variances are extremely large. The
exact sensitivity will depend on the precise relationships among means
and the associated variances.

The effects of the detailed relationships among means and the
associated variances can be seen from the nonmonotonic behavior of
the distance curve pertaining to u in Fig. 2. In this particular case, the
mean vectors moved from (1,5) to (5,1), (3,4) to (4,3), (5,9) to (9,5),
and (8,2) to (2,8) as the signal-to-noise ratio decreased from about
38.6 dB to 2.6 dB. Thus, as seen in Fig. 2, when v drops below 8 dB,
the probabilistic distance for u deviations actually decreases. One may
observe that in some section along the perturbation path from (8,2) to
(2,8), the perturbed mean moves closer to the original mean locations
(1,5) and (3,4), and thus results in a decrease rather than increase in
the probabilistic distance.

We should point out that if we arbitrarily increase the number of
mixture components in modeling a given density, then, with proper
choice of the initial estimate, the obtained mixture weights become
proportional to sample values of the density function at the mean
locations of the mixtures. When this happens, the variance in each
mixture density, as well as the spacing of the means, decreases and,
asymptotically, the observation density is mainly characterized by the
mixture gains and the mean vectors. Thus, there is a continuum in
the observation of relative model sensitivities as the number of mixture
terms varies.

3.2 Sensitivities of the reestimation procedure to parameter inaccuracies
and to the training sequence

Based on the results given in the previous section, a series of
experiments were performed to investigate the sensitivities of the
reestimation procedure to initial parameter estimates and to the length
of the training sequence.

The first experiment used a left-to-right source model with the
characteristics

N=5 M=3 K=5

8 .15 05 0 0 ‘g g }

0 8 15 .05 0 3
A=lo 0o 8 15 05|, c=|%¢3-
6 3 1

00 0 8 2 o3
00 0 0 1 53
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(1 1 1 1 1] 3 3 3 3 3
w=|15 15 15 1.5 1.5, . =|35 35 35 35 35/,
2 2 2 2 2] 4 4 4 4 4

(5 5 5 5 5
55 55 55 55 55

3. =
L6 6 6 6 6
(7 7 7 7 7] 9 9 9 9 9
B, =175 75 15 75 151, us. =195 95 95 95 95
L8 8 8 8 8. 10 10 10 10 10
Sm=1
Umx=Y2m=2 for k=1,2,...,5 and
Am=3

Ujmu = 0.01 for all k5L

The initial guess of the model parameters was random for A and C,
and identity matrices for U. For u, the initial guess had the form

g =0 - z-ap, (10)

where « is a random variable uniformly distributed on (0,2), and z is
a user-specified error bound, which limits the maximum possible
deviation of u’ from g in the source model.

The source generated @ random sequences according to the specified
model, where Q varied from 10 to 100 (in steps of 10) and initial
estimates with values of z = 0.0, 0.2, 0.4, and 0.6 were used. For each
set of observations, and for each initial estimate, the reestimation
procedure was iterated until a stationary point was found. At this
point, both the average (negative) log likelihood for the estimated
model M and the model distance (from the source to the estimated
model) were calculated. Figure 3 shows a series of plots of the average
(negative) log likelihood, and the model distance, as a function of the
total number of observations in the @ training sequences, for the four
values of z. For values of z = 0 and 0.2, for sufficiently long training
sequences (i.e., 20 sets of observations or about 400 observations), the
model distances were reasonably small (less than 0.25). As z got bigger,
thereby making the initial estimates of u poorer, the resulting models
had distances on the order of 0.4 or larger. It is clearly shown that the
accuracy of the estimated model depends on the initial estimate from
which the iterative reestimation procedure starts. A converged model
estimate is only a local optimum and, in general, has a lower likelihood
than the global optimum.

Figure 3 also shows the correlation between the log likelihood and
the model distance. For sufficiently long observations, the model
distance is a good predictor of the relative log likelihood for the
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Fig. 3—(a) Distance and (b) average log likelihood as a function of the number of
gbservations in the training sequence, and as a function of the initial estimation
eviation, z.

estimated model. When a smaller number of observations is generated
for estimation, the statistical characteristics of the source become less
well represented in the generated observation sequences, and hence,
the estimated model is more data specific, resulting in greater varia-
tions in the log likelihood. This can be more easily seen from the
behavior of distance for a specific set of training sequences as the
reestimation procedure iterates to a stable solution. Such a plot is
given in Fig. 4 for @ = 20 sequences (part a) and for § = 50 sequences
(part b). (Note that these two curves show the distance behavior of
the model reestimate as it converges to the solution corresponding to
the two particular points, P; and P,, in the upper curve of Fig. 3,
respectively.) For @ = 20 sequences, the training set does not provide
a good characterization of the source model—it is too short; hence the
model distance decreases for a couple of iterations and then increases
as the local estimated parameters are adjusted to match those of the
specific observation sequence rather than those of the true generating
model. For @ = 50 sequences, the distance between the estimated
model and the true source model steadily decreases.

3.3 Sensitivity of model reestimation to evaluation of the density function

Because of the wide dynamic range of the density function, b;(x), of
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o
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Fig. 4—(a) Distance for @ = 20 sequences training and (b) @ = 50 sequences training
as a function of the iteration number.

eq. (1)—especially when the estimates of 4 and U are in error—a
minimum value clipping level, fcLip, is usually required to avoid poten-
tial underflow and singularity problems. In our study, whenever b;(x)
was less than 1077w, it was artificially clamped at 1077cu; otherwise
bj(x) was kept as computed. This, in effect, injects certain noise
components into the observations. To understand the effect of ferip
on the resulting model estimates, a left-to-right, four-state, one-mix-
ture, two-dimensional model was used, with the specification

N =4, M=1, K=2

8 .15 05 0 1
o 8 .15 .05 1
A= o 0 8 2| C= 1
0 0 0 .1 1
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pr.=1[0 0], =104 4], ps=1[8 8], . =[12 12]

_f1, k=4 al j
Ufl”*"“{.1, k1 all j

The value of fecip was varied from 70—which is essentially full
precision on the Data General MV8000 32-bit computer—down to
10—severe clipping—and initial estimates of u’ were generated as in
eq. (10). For each value of fcLip and 2z, the distance between the model
resulting from the reestimation procedure and the original source
model was computed, and the results are plotted in Fig. 5. For all runs,
the number of observation sequences used in training was 50; hence
there was an adequate number of observations for the parameter
estimates to converge to the true model. The results given in Fig. 5
show that for z = 0 the distance is insensitive to values of fcLip over
the entire range. For z = 0.2, the distance is much larger for fcrip = 10
than for all other values of fopip. The differences in distance between
the results for z = 0.2 and those for z = 0.0 are insignificant except
for those at feLip = 10. For z = 0.4, the model estimates yield larger
distances than for z = 0 or z = 0.2 for all values of fcLip. The differences
for fcrip values of less than 50 are primarily due to the sensitivity of
the reestimation procedure to the initial u estimates as discussed
previously. The differences for fcrip in the range 10 to 40 are due to
sensitivities of the reestimation procedure to the clipping itself. To
understand this sensitivity, consider Fig. 6, which shows a Gaussian
with a clipping threshold 10~7cu®, In the case that initial estimates of
u (and U) are very close to the true value, the density function will
rarely, if ever, be clipped; hence until 10~ approaches the peak of
the density function, the clipping has little effect on the model esti-
mate. In the case where initial estimates of u are far from the true
value, a large percentage of the density computations will be clipped
and the reestimation procedure will be unable to improve the param-
eter estimates because the density function is essentially flat in the
region of the clipping. For such cases, very poor estimates of u result
and large model distances are obtained. The results point out an
important consideration in practical implementations of the estima-
tion algorithm, where finite precision is inevitable.

3.4 Modeling correlated processes by mixtures of uncorrelated processes

The mixture form of eq. (1) is a very versatile and flexible represen-
tation of the pdf in each state. For example, a complicated multivariate
pdf may be approximated by a mixture of Gaussian multivariate
densities with full covariance matrices, or, by increasing the number
of mixture components, a mixture of Gaussian multivariate densities
with only diagonal covariance matrices (i.e., vector elements are un-
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Fig. 5—Distance as a function of the density clipping threshold for z = 0, 0.2, and
04.

correlated). To better understand this concept, we studied the trade-
off between the degree of correlation and the number of mixture
components in the representation by modeling correlated multivariate
densities with different numbers of uncorrelated multivariate densities
using the HMM framework.

The source model used for these studies had the following specifi-
cations:
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N =4, M=1,

8 .15 .0 1
0 8 .15 05 1
A= 0 O 1
0 0 1

m.=[0 0], p=[4 4], wu=1[8 8, p.=[12 12]

1, k=1
Ui = {p, k#1,
where p varied from 0 to 0.9 (in steps of 0.1). Thus, the source model
had a full two-dimensional covariance matrix with correlation p be-
tween components of each vector.

We considered two separate HMMSs for matching the observation
sequences of the full covariance source model. The first model used
an M = 1 (a single) mixture with a diagonal covariance matrix; the
second model used an M = 5 mixture, where each component density
again had a diagonal covariance matrix. Since we were interested only
in the capabilities of the models—and not in the concomitant problems

VERY GOOD i
ESTIMATE [z = 0)

i
\

CLOSE
ESTIMATE
(2=02)

/

BAD 1
ESTIMATE
(z=0.4)

_-10~fcup
_ﬁ ______________ ' r___

Fig. 6—Explanation of the sensitivity of the reestimation algorithm to the density
clipping threshold for different values of z.
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of reestimation—the initial estimates of the model parameters were
selected to optimize the match. Thus for the M = 1 model, the initial
estimates were identical to those of the source, except the off-diagonal
covariance terms were set to 0. For the M = 5 model, the initial
estimates of u and U were adjusted in order to best match the full
covariance with correlation p by the M = 5 mixtures. The procedure
used is illustrated in Fig. 7, which shows a K equals a two-dimensional
correlation in the (x,, x;) plane (part a), and a one-dimensional slice
(part b). The initial estimates of g for the M = 5 case are shown by
the center dots of the five circles in part a. The mixture gains and the
mixture covariances were chosen to provide good initial fits to the
correlated covariance as shown in both parts a and b.

The results of estimating optimum models for the M = 1 and M =
5 cases are shown in Fig. 8, which gives plots of model distance versus
p. For M = 1, the model fits have distances less than or equal to 0.1
only for p < 0.35, and have distances less than or equal to 0.2 for p <
0.5. For M = 5, the model fits have distances less than or equal to 0.1
for p < 0.7, and have distances less than or equal to 0.2 for p up to 0.9.
Thus, for this case, the M = 5 mixture models without correlations
provide excellent approximations to models with correlated random
variables up to correlations of 0.9.

The results presented above show that it is possible to model a K-
dimensional (K = 2) correlated random process by a mixture of M-
uncorrelated, K-dimensional, Gaussian random processes. The ques-
tion that remains is why one would be interested in using such an
approximation. There are two possible reasons that readily come to
mind. First, there is the possibility that more reliable estimates can
be made of the set of 2M. K means and variances for the M-mixture
uncorrelated processes case, than for the set of K(K + 3)/2 means and
correlations for the one-mixture correlated process. If this is the case
the trade-off is between the increased error in the approximation
process and the increased reliability in the estimation process. The
second possible reason for using the M-mixture uncorrelated process
instead of the one-mixture correlated process is the potential for a
decrease in the number of parameters that need to be estimated. To
see when this can occur, we define P, as the number of parameters for
the one-mixture correlated density, and P, as the number of parame-
ters in the M-mixture uncorrelated density case. Then, assuming K-
dimensional vectors, we get

P = K(K + 3)
2
and
P, = M(2K + 1).
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For P, < P, we require
K(K + 3)
M=o+

Thus, for K < 5, the largest M can be is 1, for 9 = K = 6, the largest
M can be is 2, and for 13 = K = 10, the largest M can be is 3 to realize

(a)

p=07

Fig. 7—(a) Observation region in the (x,, x;) plane for highly correlated vector
components along with initial estimates of x for M = 5 model; (b) interpretation of
initial estimates along a one-dimensional projection of the (x;, x;) plane.
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Fig. 8—Distance versus p for M = 1 and M = 5 mixture fits using diagonal covariance
matrices.

any reduction in the number of variables to be estimated. For speech-
recognition applications, we generally use K = 10; hence values of
M =< 3 could be considered. Whether or not the model is adequately
represented with this many diagonal mixtures depends heavily on the
specific application. The purpose of the above discussion is to point
out the possibilities of the alternative method.

IvV. DISCUSSION
The results presented in the previous section have shown the follow-
ing:
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1. Continuous HMMs characterized by mixture densities are most
sensitive to estimation errors in the locations of the means of each
mixture density. If the error in the initial estimate of the mean becomes
sufficiently large, then the reestimation procedure has very little
chance of giving good model parameter estimates.

2. The sensitivity of the models to errors in initial covariance
estimates is less than that due to errors in the initial mean estimates.

3. The sensitivity of the models to errors in either transition matrix
coefficients, or mixture gains, is low. Hence, good model estimates can
be obtained even with poor initial estimates of these parameters, as
long as the distribution does not contain singularities.

4. We have found that observations on the order of 500 to 1000 are
adequate for models that are typical of many applications in speech
processing (e.g., models with N = 10, K = 10, M = 3).

5. Good initial parameter estimates become critical in the reesti-
mation procedure when word precision for the evaluation of the density
function is limited—an inevitable situation in practical implementa-
tions.

6. Mixture density models with diagonal covariance matrices for
each mixture can be used to approximate full covariance models.

The most important conclusion from our experiments is that it is
absolutely mandatory to have a good initial guess of the means of the
density functions to obtain gopod HMMs. With a good initial guess of
the means, the parameter reestimation procedure is capable of yielding
good models even if other model parameters have poor intial estimates.

V. SUMMARY

Several interesting properties of continuous density HMMs have
been discussed. These include model sensitivity to initial parameter
estimates, to evaluation of the density function, and to size and type
of training sequence. We have shown how a mixture density of uncor-
related variables can successfully represent a model with highly cor-
related variables, as long as enough mixtures are used. The results
presented here can be applied to a variety of real-world problems.
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