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A model of floating-point computation, intended as a basis for efficient portable mathematical 
software, is presented. The model involves only simple familiar concepts, expressed in a small set of 
environment parameters. Using these, both a program and its documentation can tailor themselves 
to the host computer. 

First, the model numbers, a conventional four-parameter system of floating-point numbers, are 
introduced. The parameters are the base, the precision, and the minimum and maximum exponents. 
They must be chosen so that the result of a basic arithmetic operation on model numbers is no less 
accurate than the result that would be obtained by chopped arithmetic in the model system. Also, the 
result of a basic operation on operands between model numbers must be bounded by the results of 
the same operation on the neighboring model numbers. 

These ideas are summarized in a few fundamental axioms, which enable the machine-independent 
properties of numerical programs to be stated and proved. The main conclusion is that the model 
supports conventional, worst case, forward or backward error analyses with only minor qualifications. 

The model is simple in the sense that its axioms are more easily stated and understood than the 
detailed operational rules of most floating-point processors. It is realistic in the sense that real 
computers exhibit most of the forms of behavior (or misbehavior) that it allows, but nearly always 
conform to its rules. 
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1. INTRODUCTION 

T h i s  pape r  p r e s e n t s  a mode l  of f loa t ing -po in t  c o m p u t a t i o n ,  i n t e n d e d  as a bas is  

for the  d e v e l o p m e n t  a n d  ana lys i s  of  eff icient  a n d  po r t ab l e  p r o g r a m s  for a wide 
va r i e ty  of m a t h e m a t i c a l  a lgor i thms .  For  ease of  l e a r n i n g  a n d  of  use,  t he  mode l  
invo lves  on ly  s imple  fami l ia r  concep ts  t h a t  are  f u n d a m e n t a l  to  n u m e r i c a l  com- 
pu t a t i on .  T h e s e  concep t s  are expressed  in  a smal l  se t  of  p a r a m e t e r s  t h a t  charac-  
ter ize the  n u m e r i c a l l y  m o s t  i m p o r t a n t  a t t r i b u t e s  of  a c o m p u t i n g  e n v i r o n m e n t ,  
a n d  in  a smal l  se t  of  ax ioms t h a t  descr ibe  f loa t ing -po in t  c o m p u t a t i o n  in  t e r m s  of  

these  pa rame te r s .  
I n  wr i t ing  po r t ab l e  software,  one  focuses on  the  mode l  a n d  avoids  t h i n k i n g  

a b o u t  the  id iosyncras ies  of a n y  pa r t i cu l a r  mach ine .  S ince  the  p a r a m e t e r s  of the  
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model may be used freely, a program tailors itself to each environment in which 
it is installed, and a high degree of efficiency is possible. In writing about portable 
software, one also focuses on the model and its parameters, and thus the 
documentation is portable too. 

While the parameters describe a simple and familiar static number system, 
they are defined to reflect the dynamic behavior of the host computer as well. 
Taken together, the parameters and the axioms describe a conceptually simple 
model machine whose numerical behavior is not completely specified. This 
abstract machine expresses design rules that have evolved in the marketplace, 
capturing the agreements among designers while avoiding their differences. 
Among these differences are roundoff procedures, which are often mathematically 
inelegant, and the treatment of overflow, which is sometimes computationally 
disastrous. Otherwise the model machine is quite pleasant, and furthermore it 
supports conventional, worst case, forward or backward error analyses with only 
minor qualifications, justifies standard scaling strategies designed to avoid over- 
flow or underflow, and rationalizes a programming discipline already familiar to 
experts in mathematical software. 

In general, the effects of anomalous behavior on the part of a particular 
computer or compiler are accounted for by adjusting the parameters of the model 
in such a way as to reduce the purported precision or range. Thus the parameters 
reflect the precision and range that are actually provided to running programs, 
rather than the precision and range that could be provided with the given number 
representation. When the model parameters, which measure the dynamic per- 
formance of the host computer, differ from the more customary ones, which 
depend solely on its static number representation, we shall refer to the differences 
as penalties. Once the model parameters are available, programmers can forget 
about floating-point anomalies, and think about the model machine instead of 
the actual machines on which their programs will run. Furthermore, they can 
prove machine-independent properties of a numerical program, with confidence 
that  the program will have those properties on any computer that conforms to 
the model. While any penalties on the parameters of a given computer obviously 
weaken the error bounds or restrict the domains of data for portable programs 
installed on that computer, neither the programmers nor the users need be aware 
of the reasons for the penalties. 

As presented in this paper, the model is limited to a single system of floating- 
point numbers and floating-point arithmetic. If a computing environment offers 
two or more floating-point systems (for example, single precision and double 
precision), the model can be applied separately to each, and augmented with new 
rules to cover the interactions. To develop a portable library, one must also be 
concerned with integer arithmetic, character strings, input, and output. Of course, 
someone must determine the actual values of all the parameters for each site, 
and make them conveniently available both to programs and to their human 
users, but  fortunately there is a program (see Section 5) to help in this task. 

Section 2 of the paper introduces the parameters, and discusses the represen- 
tation of floating-point numbers. Section 3 presents inequalities needed to ensure 
that the floating-point system defined by the parameters is meaningful, and 
provides a usable range. Section 4 proposes axioms for arithmetic, and discusses 
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some of their implications. Section 5 shows that the model is not restricted to 
computers of mathematically elegant design, but can encompass a wide variety 
of anomalies. Section 6 discusses arithmetic comparisons. Section 7 examines 
overflow and underflow. Section 8 shows that  the model supports conventional, 
worst case, forward or backward error analyses with only minor qualifications. 
To illustrate the usefulness of the theory, Section 9 presents and analyzes an 
algorithm to compute the Euclidean norm of a vector. With this example in mind, 
Section 10 discusses the need for auxiliary number systems with extended range 
and precision. The final section describes the evolution of the theory, and 
acknowledges the author's indebtedness to numerous colleagues. 

2. ENVIRONMENT PARAMETERS 

The model includes a few basic parameters and a few derived parameters for 
each floating-point system that  is supported by the host computer. If a computer 
supports two or more such systems (e.g., single and double precision), then each 
has its own parameters. The basic parameters, all integers, are 

(1) the base, b; 
(2) the precision, p; 
(3) the m i n i m u m  exponent,  emm; 
(4) the m a x i m u m  exponent,  e . . . .  

These define a system of model  numbers  consisting of zero and all numbers of 
the form 

x - -  fb e (1) 

where 

and 

f =  +- (f~b -~ + . . .  + fpb-O, f~= 1 , . . . , b -  1 

f2, . . . ,  fp = 0 . . . . .  b - 1  (2) 

era= -- e _< e . . . .  (3) 

The parameters must be chosen so that  these model numbers are exactly 
representable in the machine, and so that  operations on them behave according 
to the following simple and desirable rules, which are restated as axioms in 
Sections 4 and 6. 

(1) The result of a basic ari thmetic operation (addition, subtraction, multipli- 
cation, negation, or division by a power of the base) on model numbers must 
be no less accurate than the result that  would be obtained by chopped 
arithmetic in the model system. (Chopping away from zero, as in the case of 
negative results in a two's complement system, is permitted.) 

(2) The result of a division when both operands are model numbers but the 
divisor is not a power of the base may be less accurate than the model- 
chopped result by up to one unit in the last (pth) place. 

(3) The result of a comparison of model numbers must be exact. 
(4) The result of an arithmetic operation (or comparison) on operands between 
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model numbers must be within the interval (or set) of permitted results of 
the same operation on the neighboring model numbers. 

Note that  if x is a model number, then so is -x ,  but 1 / x  need not be either in 
range (see (3)) or exactly representable (see (2)). On many computers em.x + emi, 

0, but on machines with the implicit radix point at the right, it is likely that 
emax -b emin ~ 2p .  

We do not assume that  the computer actually uses a normalized sign-magnitude 
representation for floating-point numbers. In fact, the details of the hardware 
representation are of no concern to us. What we require is simply that  the model 
numbers be possible values for program variables, and that  arithmetic operations 
be at least accurate enough to satisfy the axioms. 

Usually the base is chosen to be whatever the manufacturer says it is, and the 
remaining parameters are chosen to make the range and precision as large as 
possible. In some cases the resulting model numbers coincide exactly with the 
machine numbers. However, anomalies in the behavior of a computer may require 
that  the parameters be penalized to reduce the purported range or precision. For 
example, on some computers multiplication by 1.0 causes the last b-digit of the 
multiplicand to be replaced by 0. On such a computer, a precision penalty of 1 is 
sufficient to ensure that  model numbers are not affected by the anomaly. Each 
penalty reduces the size of the set of model numbers, thus creating machine 
numbers that  are not model numbers and need not behave so well in computation. 
Any anomalies that  cannot be accommodated by modest penalties are usually 
recognized by the manufacturer as design errors, and repaired in due course. 

Since the model numbers with a given exponent e are equally spaced on an 
absolute scale, the relative spacing decreases as the magnitude of the fraction- 
part fincreases. For error analysis, the maximum relative spacing 

E ---- b 1-p (4)  

is of critical importance. Also of interest throughout this paper are the smallest 
positive model number 

o = b era'"-1, (5) 

and the largest model number 

~, = b . . . .  (1 - b -P) .  (6 )  

3. PARAMETER INEQUALITIES 

Our definition of the system of model numbers clearly presupposes that b >__ 2 
and emin --< emax. TO ensure that 1 is a model number, we must require that emin 

< 1 _< e~,x. To ensure that E < 1, we must require that  p _> 2. These inequalities 
are sufficient to guarantee a meaningful system of floating-point numbers. How- 
ever, to write portable numerical programs with provable numerical properties, 
one needs a reasonably large and reasonably balanced range. 

In the remainder of this section we present simple range-related inequalities 
that  are weak enough to be realistic, but strong enough to be useful. If a computer 
fails to obey these inequalities, then the person who evaluates the parameters 
should issue a warning to users and send a copy to the salesman. Even though 
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such computers do not fully conform to the model and do not  meet  the require- 
ments  of many important  algorithms, one can use the model to analyze the 
numerical behavior of programs tha t  are intended to run on them. On the other 
hand, if a program needs more range or a more balanced range than  these 
inequalities guarantee, then  its author  should analyze and document  its special 
requirements and warn recipients to check before installing it. 

To provide a usable range for any given precision, we require tha t  

o < E 2 (7) 

and 

h > e -2. (8) 

In Brown's algorithm [2] for the mean of a vector, one must  have o < e4h to avoid 
the possibility of overflow when summing scaled small components. Clearly (7) 
and (8) are just  sufficient for this purpose. In Lawson's algorithm for the Euclidean 
norm of a vector (see Section 9, especially (80)), one must  have h > e -~/e to avoid 
the possibility of overflow when summing the squares of scaled small components,  
and o < e e to avoid the possibility of lost accuracy due to underflow when 
squaring a scaled small or medium component  after the first large component  has 
been encountered. (Although the inequalities in (80) are not  strict, a more careful 
derivation starting from (81) and (82) makes them so.) Thus  (7) is essential for 
Lawson's algorithm, while (8) provides a modest  safety factor. Once (7) is 
accepted, symmetry  suggests (8}. Furthermore,  in practice (7) implies tha t  (8) 
is true or nearly true, since oh • 1, if the implicit radix point is a t  the left, and 
oh > 1, otherwise. 

Assuming that  these examples demonstrate  the usefulness of (7) and (8), we 
must  still consider their  realism. To make these inequalities fail, one would need 
a small range and a relatively high precision. An extreme example of small range 
is provided by the BESM series computers, where b ~= 2 and only 7 bits are 
allocated for the signed exponent from a 48-bit word. On these machines, E 2 and 
• -2 are out of range in single precision, and even e and e-1 are out  of range in the 
obvious software simulation of double precision. Since the BESM computers are 
quite old and their small range is unlikely to recur, we are not  distressed by their  
failure to obey (7) and (8). 

To proceed further, it is convenient to restate (7) and (8) as 

emm <-- 2 -- 2p (9) 

and 

emax -- 2p - 1. (10) 

In the important  case of an 8-bit signed exponent, an extreme example of high 
precision is provided by the DEC PDP-10 and Honeywell 6000 series computers, 
where in double precision 64 bits are allocated for the signed fraction part  from 
a 72-bit word. These computers satisfy (9) and (10) by a very small margin. (On 
the obsolete PDP-10 KA processor, where double precision operations are simu- 
lated in software, (9) fails because of a penal ty on emi~, but  the damage can be 
repaired by a compensating penal ty on p.) Assuming the same word size (72 bits) 
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and the same split (8 bits for the signed exponent and 64 bits for the signed 
fraction-part),  one could use an implicit normalization bit  to increase the precision 
to 64. Likely exponent ranges (after setting one value aside for the number  zero) 
would then  be [-127, +127] or [-126, +128]. The  proposed inequalities are the 
t ightest  tha t  would permit  both of these plausible systems. 

Besides being large enough, the exponent range must  also be reasonably 
balanced. While we share Reinsch's preference [21] for oh ~ 1, such a strict rule 
is nei ther  essential nor realistic. Since oe -2 < oh < e2h by (7) and (8), it  is tempting 
to require tha t  oe -2 < (oh) -~ < e2h. However, we shall settle for the weaker 
requirement  tha t  

oe -1 < (ok) -1 < EX, (11) 

which may  be rewrit ten as 

and 

~2h < E (12) 

oh2 > (1 .  (13) 

In Lawson's algorithm for the Euclidean norm of a vector, one must  have o2h < 
e ~/2 and oh 2 > 1 to ensure tha t  the scale factors are in range. Thus  (12) provides 
a modest  safety factor, and (13) provides a larger one. Once (12) is accepted, 
symmet ry  suggests (13). Furthermore,  in practice (12) implies tha t  (13) is true or 
nearly true, since oh = 1, if the implicit radix point is a t  the left, and oh > 1, 
otherwise. 

The  inequalities (12) and (13) may  be restated as 

2emm + emax --~ 3 - - p  (14) 

and 

emm + 2emax ~ p + 1. (15) 

If  e ~  + e~x --- 0, these follow from (9) and (10). However, if em= + ema~ = 2p, as 
might  be the case on a machine with the implicit radix point at  the right, then  
by (14), emm --~ 3 -- 3p. I t  follows tha t  em~x = 2p - em~ - 5p - 3, and e~ax - emm 

8p -- 6, which is exactly twice the minimum exponent range implied by (9) and 
(10). Fortunately,  machine designers who choose to put  the implicit radix point 
at  the right also seem to prefer a relatively large exponent range, and we know of 
no floating-point system with oe -~ < ~ tha t  fails to satisfy (11). 

4. PROPERTIES OF ARITHMETIC 

In a conventional model of floating-point computat ion (for example, see [16]), 
one begins by postulating a computer  with machine numbers  tha t  are exactly the 
model numbers  given above, and with floating-point operations tha t  are exact up 
to rounding or chopping. Suppose x and y are numbers  in such a computer, and 
* is a binary ari thmetic operator (+, - ,  ×, o r / ) .  Let  fl(x • y) denote the result of 
computing x * y in floating-point arithmetic. Assuming tha t  x * y is in range, it 
follows tha t  

f l (x  * y )  f (x * y ) ( l  + 3), 131< , (16) 
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where 4 is the maximum relative spacing, given by (4). This theorem is usually 
taken as the starting point for error analyses, and one never goes back to the 
original (and much stronger) postulate from which it was derived. 

In this paper we take a rather different tack. Instead of assuming that  the 
machine numbers are exactly the model numbers, we require only that  they 
include the model numbers, and instead of assuming that  all floating-point 
operations are as accurate as possible, we adopt axioms that  are somewhat weaker 
and much more realistic. By defining 4 in terms of model numbers rather  than 
machine numbers, we are able to retain (16) for its normal uses in error analyses. 
However, we also use the axioms directly to justify standard scaling strategies 
and for other purposes. 

For operations on model numbers, the axioms imply that  the relative error is 
always less than 4, the maximum relative spacing between model numbers. 
Furthermore, if the exact result is a model number, then there is no error in the 
computed result. In the terminology of Dekker [9], one might say that  arithmetic 
on the model machine is "faithful", but not necessarily "rounded". 

If a machine number x of magnitude less than 2, is not a model number, we 
view it as an arbitrary representative of the closed interval x' bounded by the 
neighboring model numbers. If the value of a variable at one instant is x, its value 
at another instant may be any other number in x'. This assumption is realistic 
because a number in an extended register may suffer roundoff when it is moved 
to another register or to a storage location, and any perturbed value that  is 
obtained in this way may remain available for subsequent use. When an operation 
is performed on machine numbers of magnitude less than ~,, the axioms imply 
that  there exist effective values of the operands in these model intervals such 
that the relative difference between the computed result and the exact result 
determined by these effective values is less than 4, assuming no overflow or 
underflow. In an error analysis, the error assigned to an 0perand is sufficient to 
bound both the error in its computed value when it is produced and the error in 
its effective value when it is consumed. Of course, one must allow for some input 
error in the case of an initial datum that  is not a model number, just as one would 
conventionally allow for some input error in the case of an initial datum that  is 
not a machine number. 

Unfortunately, there is almost nothing that  can safely be said about an 
operation with an operand or exact result of magnitude greater than ~. Hence for 
portability, and in fact for correct performance on some computers, such opera- 
tions must be rigorously avoided. 

While small relative error is sufficient for worst case error analyses, more is 
needed to guarantee that  a straightforward scaling strategy will always be 
successful in avoiding overflow or underflow. Appealing directly to the axioms, 
we will show that scaling by a power of the base may be considered to be ex- 
act, and that  mathematical inequalities of the type that are customarily used 
in choosing scale factors and range boundaries remain valid in floating-point 
arithmetic. 

To make the above ideas precise, we need some definitions and notation. Since 
error analysis is closely akin to interval analysis [19], it is convenient to formulate 
our axioms in terms of intervals. In particular, if the end points of a closed 
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interval are both model numbers, we call it a model interval; if they are adjacent 
model numbers, we call it an atomic model interval. 

For any real number x, we say that  x is A-bounded ff I xl  <- ? ,̀ while x is 
in range if x = 0 or ~ -< ] x ] ~ k. More generally, we say that  a real interval X 
is A-bounded if x is A-bounded for all x ~ X, and in range if x is in range for all 
x ~ X .  

If x is a A-bounded real number, we let x' denote the smallest model interval 
containing x. Thus, ff x is a model number, then x' = x; otherwise, x' is the atomic 
model interval that  contains x. (As a special case, if 0 < x < o, then x' - [0, a].) 
More generally, if X is a ?`-bounded real interval, we let X'  denote the smallest 
model interval containing X. It is important to note that  x E X'  implies x' _.C X'. 

For given X, we also define an interval X + that  is generally a little larger than 
X'. If neither end point of X'  is zero or _+? ,̀ then X ÷ is obtained from X' by 
adjoining an atomic model interval at each end. If an end point of X' is __.?̀ , then 
it is impossible to adjoin an atomic model interval at that  end, and X ÷ is 
undefined. (We shall say that  X + overflows in this case.) On the other hand, if an 
end point of X'  is zero, we let X ÷ share that  end point, instead of making the 
extension to _-.a. 

Recall from Section 2 that  the basic arithmetic operations are addition, 
subtraction, multiplication, negation, and division by B = +-b k, where k is any 
integer such that  B is in range. The parameters of a computing environment must 
be chosen so that  these operations conform to Axioms 1 and 2 below. If other 
operations (for example, division, exponentiation, elementary functions, or special 
functions) are implemented to this same standard, we say that  they too are 
strongly supported by the host environment. 

Since division is sometimes implemented as a composite of two or more 
suboperations, each susceptible to roundoff, it cannot realistically be considered 
basic. For this and perhaps other operations that  are not strongly supported, we 
provide Axioms la  and 2a as alternatives to Axioms 1 and 2. Any operation that  
conforms to Axiom la  or Axiom 2a will be called supported. Any supported 
operation that  is not strongly supported will be called weakly supported. 

We now present the formal axioms that  govern arithmetic in our model, and 
some theorems to demonstrate that  these axioms do indeed meet  the require- 
ments discussed above. Note that  all operands and results are required to be k- 
bounded, since otherwise there would be almost nothing that  could safely be 
asserted. In cases where the model numbers coincide exactly with the machine 
numbers, this requirement need not be mentioned, and the axioms and theorems 
can be simplified in other ways as well. 

Axiom 1 (For Addition, Subtraction, Multiplication, and Perhaps Other 
Binary Operators). Let x and y be ?,-bounded machine numbers, and let * be a 
strongly supported binary operator. Then 

fl(x * y) E (x' * y')', (17) 

provided that  the interval x' * y' is A-bounded. 

Axiom 2 (For Negation, Division by ++_b ~, and Perhaps Other Unary Opera- 
tors). Let x be a A-bounded machine number, and let * be a strongly supported 
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unary  operator.  Then  

fl(,x) E (,(x'))',  (18) 

provided tha t  the interval  • (x') is A-bounded. 

Axiom l a  (For Composite Division and Perhaps Other Binary Opera- 
tors). Let  x and y be A-bounded machine numbers,  and let  * be a supported 
binary operator.  Then  

fl(x • y) ~ (x' • y')÷, (19) 

provided tha t  the interval  (x' * y')+ does not  overflow. 

Axiom 2a (For Composite Reciprocation and Perhaps Other Unary Opera- 
tors). Let  x be a A-bounded machine number,  and let  • be a suppor ted  unary  
operator.  T h e n  

fl(*x) ~ (*(x')) ÷, (20) 

provided tha t  the  interval  (*(x'))+ does not  overflow. 

4.1 Exactness Theorems 

T he  following theorems,  which follow directly f rom Axioms 1 and 2, show tha t  
strongly suppor ted  operat ions are exact  whenever  the operands and results are 
all model  numbers.  

THEOREM 1. Let x and y be model numbers, and let * be a strongly supported 
binary operator. I f  x * y is also a model number, then 

f l(x * y) = x * y. (21) 

THEOREM 2. Let x be a model number, and let * be a strongly supported 
unary operator. I f  *x is also a model number, then 

fl(*x) = *x. (22) 

COROLLARY. I f  x is a model number, then f l ( - x )  = - x .  Also, i f  x and x -1 
are both model numbers, and if  reciprocation is strongly supported, then 
/Z(x -1) = x -L  

Remark. For  bo th  x and x -~ to be model  numbers,  x mus t  be a product  of 
(positive or negative) powers of pr ime factors of the base b. T o  see this, let  x = 
~b i and x -~ = ~b j, where ~ and ~ are integers. T h e n  ~ = b k with k = - ( i  + j )  >_ 0, 
so ~ divides b ~, and each prime factor of ~ divides b. 

4.2 Small-Relative-Error Theorems 

We shall now show tha t  all strongly suppor ted  operat ions m a y  be considered 
accurate to within ¢, and all supported operations to within 2¢, whenever  the 
operands are A-bounded and the exact results are in range and not  too close to 
the limits of the range. If  the operands are model  numbers,  the theorems support  
this claim without  any qualifications. However,  if an operand x is not  a model  
number,  then the operat ion may  effectively replace i t  by a different value a~ E x', 
and the  relative error  of the computed  result  will be small if the  exact  result  is 
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obtained from 2 rather  than  x. Since we view x as an arbitrary number  in the 
interval x', we are consistent in viewing 2 as equivalent to x. Another  way to 
unders tand the situation is to note tha t  the axioms describe the ari thmetic 
behavior of a computer  in such a way tha t  the exact position of a relevant 
quant i ty  x within x' is insignificant; only model numbers and model intervals are 
fundamental .  

We begin with a pair of lemmas for strongly supported operators, in which the 
generalizations to weakly supported operators are informally suggested. A pair of 
theorems then  summarize the  main results in terms of the accuracy parameter 

~0+, if * is special unary  (see Theorem 7 below), else 
a = ~ 1, if * is strongly supported, else (23) 

t 2, if * is supported 

where 0+ is an arbitrarily small positive number.  (Note tha t  181 < 0+ implies 
= 0.) 

LEMMA 1. Let x and y be A-bounded machine numbers, and let * be a strongly 
supported binary operator. Then there exist (real) effective values 2 ~ x' and 

y' such that 

fl(x * y) ~ (2 * y)', (24) 

provided that the interval x' * y' is X-bounded. (I f* is only weakly supported, a 
similar lemma holds with the right side replaced by (2 * ~)+.) 

PROOF. By Axiom 1, fl(x * y) ~ (x' * y')' .  If  fl(x * y) E x' * y', then by the 
definition of an interval operation there exist ~ E x' and :~ ~ y'  such tha t  fl(x * y) 
= ~ * y. Otherwise, fl(x * y) ~ u', where u is an endpoint  of x' * y', and we 
obtain (24) by choosing 2 and y so tha t  u = ~ * y. [] 

LEMMA 2. Let x be a A-bounded machine number, and let * be a strongly 
supported unary operator. Then there exists an effective value 2 E x' such that 

fl(*x) E (.2) ' ,  (25) 

provided that the interval *(x') is A-bounded. ( I f  * is only weakly supported, a 
similar lemma holds with the right side replaced by (*2)+.) 

PROOF. By Axiom 2, fl(*x) ~ (*(x'))'. If  fl(*x) ~ *(x'), then  by the definition 
of an interval operation there exists 2 ~ x '  such tha t  fl(.x) = .2. Otherwise, fl(*x) 
E u',  where u is an endpoint  of *(x'), and we obtain (25) by choosing £ so tha t  
u = * 2 .  [] 

THEOREM 3. Let x and y be A-bounded machine numbers, and let * be a 
supported binary operator with accuracy parameter a. In computing x * y, let 
and ~ be the effective values o f t  he operands, and suppose all possible computed 
approximations to the result (that is, all numbers in (x' * y')' or (x' * y')+, 
whichever is relevant) are in range. Then for every ~ E fl(x * y)' there is a ~ such 
that 

~ = ( 2 , 2 ) ( 1 +  ~), I~ l<aE.  (26) 
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THEOREM 4. Let x be a k-bounded machine number, and let * be a supported 
unary operator with accuracy parameter ~. In computing *x, let ~ be the effective 
value of  the operand, and suppose aU possible computed approximations to the 
result (that is, all numbers in (*(x'))' or (*(x')) +, whichever is relevant) are in 
range. Then for every ~ E fl(*x)' there is a ~ such that 

ffi (*~)(1 + ~), I $1 < ~ .  (27) 

4.3 Special Unary Operators 

Suppose a unary operator is continuous and strictly monotonic from each of the 
intervals (-0% 0) and (0, oo) into one of these intervals, and is either 

(a) continuous at the origin, or 
(b) undefined at the origin and unbounded in its neighborhood. 

If such an operator maps the p-precision base-b numbers from each half of its 
domain onto the p-precision base-b numbers in the corresponding part of its 
range, and if it is strongly supported in the local computing environment, then we 
shall call it a special unary operator. Examples are negation, absolute value, 
scaling by a power of the base, and a curious operator R that  roughly approximates 
the reciprocal. 

Referring to (1), the operator R is defined by 

R( f b  ~) ffi (1 + b -1 - f )b  ~-~, b-'_< f < 1. (28) 

It is easy to see that  R(x) ffi x -~ when x is a power of b, and that  R(x) is linear 
between powers of b. Since the p-precision base-b numbers are equally spaced 
between powers of the base, it follows that  R maps this set onto itself. Also, since 
R(x) roughly approximates x -~, it is clear that the continuity and monotonicity 
requirements are satisfied. Finally, if R(x) is evaluated using the fraction, expo- 
nent, and synthesize functions as defined by Brown and Feldman [5], then 
fl(R(x)) satisfies Axiom 2, and therefore R is a special unary operator. 

For scaling, we introduce B ffi +--b k, where k is any integer such that  B is in 
range. Then we can state the following theorem. 

THEOREM 5. Both Bx  and x / B  are special unary operators. 

PROOF. Both Bx and x / B  clearly satisfy the continuity and monotonicity 
requirements, and both map the set of p-precision base-b numbers onto itself. It  
remains only to prove that  both operators conform to Axiom 2. For division by B, 
this is a fundamental requirement of the model, since division by B is a basic 
arithmetic operator. For multiplication by B, Axiom 1 asserts that  fl(Bx) E 
(B'x') '  - (Bx')', as required by Axiom 2 for the unary operator Bx. [] 

LEMMA 3. Let x be a machine number and * a special unary operator such 
that x and *x are in range. Then 

• (x') ffi (*x)', (29) 

so we can use the notation *x' without ambiguity. 

PROOF. If x is a model number, then so is *x, and both sides of (29) reduce to 
• x. Otherwise, x'  = [u, v], where u and v are adjacent model numbers with u < 
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x < v. Assuming without loss of generality that  • is increasing, we have *u < *x 
< * v  by strict monotonicity. Since u and v are adjacent p-precision base-b 
numbers, and * is onto, it follows that  .u  and *v are also adjacent. Hence both 
sides of (29) reduce to the interval [.u, *v]. [] 

THEOREM 6. Le t  x be a %-bounded machine  number  a n d  * a special unary  
operator, such that  *x is in range; then 

f l( ,x)  ~ ,(x').  (30) 

PROOF. By Axiom 2, fl(*x) E (*(x'))'. Since * is special, the endpoints of *(x') 
are model numbers, and (30) follows immediately. [] 

COROLLARY. If  both x a n d  *x are in range, then we also have  

f l( ,x) ~ (,x)'. (3t) 

THEOREM 7. Le t  x be a X-bounded mach ine  number  a n d  * a special unary  
operator, such that  *x is in range. T h e n  for every ~ E f l ( ,x ) '  there is an  effective 
value ~ ~ x '  such that  

= ,:~. (32) 

PROOF. By Theorem 6, fl(*x) ~ *(x'). Since the endpoints of *(x') are model 
numbers, we have fl(*x)' _ *(x'); hence ~ E *(x'). Finally, by the definition of an 
interval operation, there exists ~ E x '  such that  ~ = *~, as was to be shown. [] 

Remark .  This proves Theorem 4 for special unary operators. Because a = 0+ 
for these operators, we show in Section 8 that  they are effectively exact  in the 
sense that  they do not contribute to the error bounds in Theorems 12 and 13. 

5. MACHINE ANOMALIES 

In this section we show that  our model is not restricted to computers of 
mathematically reasonable design, but can also encompass a variety of anomalies. 
In general, the effects of anomalies in a computer are accounted for by adjusting 
its parameters in such a way as to reduce its purported precision or range. Since 
the model, for simplicity, omits many details of the behavior of real machines, 
these penalties may be somewhat unfair to certain computers. However, any 
penalties are usually small, and the total unfairness in emin, em~x, or p rarely 
exceeds unity. This seems a small price to pay to avoid modeling the details of 
number representations and built-in algorithms. 

Unfortunately, there is no way to adjust the parameters to reward a computer 
for a locally unbiased roundoff procedure. While local bias has no effect on worst 
case error bounds, it can cause a significant loss of achieved accuracy. However, 
the advantage of rounding  (where the roundoff direction changes at the midpoint 
of any interval between adjacent floating-point numbers) over chopping (where 
the roundoff direction is constant throughout any such interval) is not quite 
worth one bit of precision. To see this, let us compare rounding in a base-2 
machine of precision p with the locally unbiased chop-to-even rule 

if(guard-bits # 0) t h e n  
guard-bits :-- 0 
if (low-bit = 1) then {add a unit in the last place} 
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in a base-2 machine of precision p + 1. Both give identical results, except when 
the number to be rounded or chopped is exactly midway between adjacent p- 
precision numbers. In this case, the first machine must round the number one 
way or the other, while the second machine (which has an extra bit of precision) 
can leave it alone. In practice this case occurs frequently, because floating-point 
operations on p-precision numbers frequently produce such results. Therefore, 
the second machine is noticeably more accurate than the first. Lest the chop-to- 
even rule seem completely contrived, we remind the reader that  locally unbiased 
chopping is not a new idea. Recognizing the importance of avoiding local bias, 
Burks et al. [6] in 1947 proposed a variant of the chop-to-odd rule 

if (guard-bits ~ O) then {guard-bits := 0; low-bit := 1) 

Except for the unnecessary loss of almost a bit of precision, this rule is attractive 
to both numerical analysts and hardware designers. 

While a thorough study of real-world floating-point anomalies may lead one to 
despair, the situation can be summarized rather neatly, and with little exaggera- 
tion, by stating that any behavior permitted by the axioms of the model is 
actually exhibited by at least one commercially important computer. To begin a 
discussion of the subject, let us consider the possibility of machine numbers that  
are not model numbers. In general, these come in two classes; those that  are 
extra-precise,  and those that  are out  o f  range. 

As an example of extra-precise numbers, there is a commercial computer that 
provides 9½ hexadecimal digits of precision. If this is modeled by setting b = 16 
and p = 9, then the least significant two bits of a model number must both be 
zero, so three-fourths of the machine numbers that are in range are extra-precise. 
An alternative way to model this computer is to set b = 2 andp  -- 35. In this case 
the model numbers and the machine numbers are identical wherever the leading 
hexadecimal digit is 1: elsewhere adjacent model numbers are separated by 1, 2, 
or 4 extra-precise machine numbers. The fact that a hexadecimal computer can 
be modeled with b = 2 should not be surprising. It simply reflects the familiar 
description of hexadecimal arithmetic as "binary arithmetic with fluctuating 
precision." 

As a second example, consider a computer with extended working registers that  
are wider {more precise) than its memory registers. Since model numbers must 
be possible values for program variables (see Section 2), the precision p is 
determined by the memory registers. However, any number that  is representable 
in a working register is a machine number, since it can arise as the value of a 
subexpression and then be used immediately as an operand. Most of these 
machine numbers are extra-precise in the sense that their fraction parts (ignoring 
trailing zeros) are more than p bits wide. Although it is intuitively clear that  
extended working registers generally increase the accuracy of computed results, 
we shall prove only that  they (like other extra-precise numbers) rarely increase 
the worst case error. When common subexpressions are involved, extended 
working registers may increase the worst case error slightly as noted in Section 
8 (see Example 2 and the discussion following it). 

As a third example, consider a three-digit decimal computer with no guard digit 
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in its accumulator. Such a machine would probably yield 

fl(1.00 x .999) = fl(.100 x .999) × 10 = fl(.099) x 10 = .990 (33) 

and 
f l (1 .00-  .999) ---fl(.100 = .099) x 10 = .01. (34) 

If we set p --- 3, then both of these results contradict Axiom 1. However, if we set 
p = 2, thus designating the last digit of every machine number as a guard digit, 
then .999 is an extra-precise machine number, not a model number, and Axiom 
1, which requires only that  

fl(1.O0 × .999) • .999' = [.99, 1.00] (35) 
and 

fl(1.00 - .999) E (1.00' - .999')' = [0, .01], (36) 
is satisfied. 

On some computers such phenomena can occur despite the presence of guard 
digits, because it is inconvenient to use them and the compiler writer prefers to 
sacrifice a base-b digit of precision rather  than suffer a loss of speed in object 
programs. Thus the parameters of the model are not  necessarily determined 
solely by the computer, but may also depend on the compiler that  is used. 

As an example of out-of-range numbers, consider a computer that  maintains 
and uses machine numbers with magnitudes too small to normalize. To guarantee 
full precision throughout the range of the model, the minimum exponent must be 
large enough to exclude these " t iny" unnormalized numbers, which are therefore 
out of range. 

As a second example, consider a computer with no double-precision hardware, 
and let b, p, era=, and emx be the single-precision environment parameters. In the 
usual software simulation of double precision, the low half of a number x = f b  e 

with emin --< e < emin + p underflows, and precision is lost. Hence the minimum 
exponent in double precision is e ,=  + p. Smaller numbers are less precise, and 
therefore outside of the double-precision range. 

As a third example, consider a binary computer that  uses normalized two's- 
complement numbers with p bits of precision. Now it is easy to show that  a 
nonzero fraction part  f i n  the machine representation satisfies 2 -1 _< f < 1 or - 1  
<_ f < - 2 -1. If we choose e ~  to be the smallest machine exponent, then the 
negative model number with model fraction --2 -1 and model exponent e~m cannot 
be represented in the machine, since its machine fraction would be - 1  and its 
machine exponent would have to be era= - 1, which is out of range. To avert this 
disaster, we must increase emin by unity, and thus decree that  all but one of the 
machine numbers with the smallest possible machine exponent are out of range. 

This collection of anomalies is only a beginning; others are mentioned elsewhere 
in this paper, and there are still more that  could be discussed. While the use of 
the model eliminates the need for most programmers to study these exotic 
phenomena, someone must determine the values of the parameters for each host 
environment, make them conveniently available in relevant programming lan- 
guages, and publish them in human-readable form. To aid in this task, N. L. 
Schryer has developed a test program [22] that  performs arithmetic operations 
and comparisons on carefully chosen pairs of operands, and tests whether the 
results conform to the axioms of the model. Obviously, such a test cannot be 
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exhaustive, because there  are far too many  pairs of numbers  in any useful floating- 
point  system to test  them all. Nevertheless,  Schryer 's  program exercises the  
hardware  quite thoroughly.  

T h e  possibility of discovering the paramete r  values automatical ly by  simple 
numerical  experiments  has been discussed in the l i terature [18], bu t  we feel tha t  
this approach has inherent  l imitations [14]. By  contrast,  Schryer ' s  program goes 
to far greater  lengths to achieve the more limited objective of testing whether  a 
given computer  and a given set of parameter  values conform to the  model. While 
we feel tha t  a detailed analytical  justification of the  final values is essential, the  
test  program can help us to acquire the necessary understanding,  and can 
s t rengthen our confidence tha t  we have not  overlooked any re levant  phenomena.  

6. ARITHMETIC COMPARISONS 

Most  scientific programming languages permit  conditional s ta tements  such as 

if (x < y) then {action} 

where action is to be executed or skipped depending on whether  x < y is true or 
false. We shall refer  to the condition x < y as an ari thmetic  comparison, since it  
compares  two ar i thmetic  quantities. The  possible comparison operators are 

<, <, =, =~, >, >. 

In performing an ar i thmetic  comparison, great  care is required, since any error  
in ei ther  operand may  reverse the result. Nevertheless,  the result  does convey 
information, which can be made  precise by analyzing the possible er ror  in each 
operand and then  using the axioms and theorems of this section. 

When  presented with an ari thmetic comparison, the computer  evaluates the 
two operands,  x and y, and decides whether  x < y, x = y, or x > y. T h e  t ru th  value 
of the comparison is then  determined in the obvious way. In discussing the 
outcome, we shall say tha t  the computer  reports x < y, x = y, or x > y, and leave 
it to the reader  to consider the resulting t ru th  value. 

On many  computers  a comparison is evaluated by an instruct ion tha t  compares  
the bit pat terns,  and the outcome corresponds exactly to the mathemat ica l  
relat ionship between the two machine numbers.  Unfortunately,  some computers  
lack such an instruction, and must  therefore  evaluate the  relat ion by  comparing 
x - y to zero. In this case, the compiler writer has a heavy  responsibili ty to ensure 
tha t  the subtract ion does not  cause overflow or underflow. Overflow can be 
avoided by omitt ing the subtract ion when x and y have opposite signs. Otherwise, 
em,x must  be reduced by one to ensure conformance to the model. Underflow can 
be avoided by using unnormalized subtract ion in this context.  Otherwise, emm 
must  be increased by  t5, the precision of the relevant  system of machine numbers,  
to ensure conformance to the model. As an example, imagine a 3-digit decimal 
computer  with emh = -99,  and consider a comparison between the model  numbers  
x = .199 x 10 -99 and y = .100 x 10 -~. Since the normalized difference, x - y -- 
.99 × 10 -2°°, would underflow, the computer  might  repor t  tha t  x - y, even though 
the two numbers  differ by almost a factor of 2. However,  by  setting emin = --96, 
we can guarantee tha t  the difference between two machine numbers  is never  
too small to be normalized unless bo th  of t hem are less than  a -- 10 -97. 
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In applying the axiom and theorems of this section, there is another subtle 
pitfall to be avoided. Since an expression may yield different values for different 
uses as discussed in Section 4, the results of different comparisons composed from 
the same expressions may be inconsistent. For example, consider the program 
fragment 

if (x + y = u + v) write "yes" 
if (x + y < u + v) write "no" 
if (u + v < x + y) write "no" 

and suppose tha t  x -- u and y -- v. I f  the compiler assigns the first operand in 
each comparison to a memory  location and the  second to an extended working 
register, t hen  the ou tpu t  may  be "no no"  ins tead of the expected "yes" ,  or there  
may  be no ou tpu t  at  all. Even  a variable may  yield different values for different 
uses wi thout  any intervening assignment,  since an  optimizing compiler  m ay  
deliver one value from an extended register and ano ther  f rom a m em o ry  location. 

Les t  the reader  think tha t  all such anomalies can be b lamed on poorly designed 
hardware  or software, we remark  tha t  a very  similar phenomenon  could occur on 
a computer  conforming to  the  excellent s tandard  recent ly  proposed by Coonen et  
al. [7]. I f  the compiler  stores constants  in extended precision (relative to the  
precision of  u) as Kahan  has advocated [15], then  the program fragment  

u :-- 1.0/3.0 
if (u -- 1.0/3.0) write "yes" 
else write "no" 

would write "no"  instead of the intuit ively expected "yes" .  
Wi th  this background we are now prepared  to  present  the  axioms for compar-  

isons. 

Axiom 3. In comparing h-bounded machine  numbers  x and y, the compute r  
may  repor t  any result  obtainable by  an exact comparison of any ~ E x '  and any 
:~ ~ y ' ,  bu t  it may  not  repor t  any o ther  result. 

Axiom 4. Consider a comparison of  two variables whose values are a ~- 
bounded machine  number  x and a model  number  y, respectively. I f  the computer  
reports  x = y, then  af ter  the  comparison bo th  variables have  the  value y. 

6.1 Discussion 

In the  spirit of  Axiom 1, we want  to compare  the  intervals x '  and y ' ,  and in the 
spirit of  interval  analysis we do this by  considering all pairs (2, y) with 2 E x '  and 
:~ E y ' .  Axiom 3 is realistic because x and y may  be per tu rbed  within x'  and y '  
between the  t ime they  are produced and the t ime they  are compared,  as noted  in 
the  preceding examples. 

In Axiom 4, if the first variable has an extra-precise value before the compari-  
son, t hen  the extra digits must  e i ther  affect the  result  or be discarded. Fortunately,  
it is usually easier for a compiler  wri ter  to obey this rule than  to disobey it. In any 
case the rule has  obvious appeal, even to compiler writers, and failure to obey it 
would make  comparisons intolerably fuzzy. 

T h e  following theorems are immediate  consequences of  these axioms. Theo-  
rems 8 and 9 describe what  the computer  may  report ,  while Theorems  10 and 11 
describe what  the user can safely conclude f rom its report .  T h e o r e m  11 is 
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especially helpful when a tight bound on the computed value of an expression is 
needed. For examples of its use, see the underflow analysis in Section 9. 

THEOREM 8. Consider a comparison of  k -bounded  machine  numbers,  x a n d  
y. Le t  Z be the closed interval  [x, y] i f  x <_ y, or [y, x] otherwise. I f  there are at  
least two model  numbers  in Z, then the computer reports the correct result. I f  
there is exactly one model  number  in Z, then the computer m a y  report either the 
correct result or x = y. Finally,  i f  there are no model  numbers  in Z, then the 
computer may  report x < y, x = y, or x > y. 

THEOREM 9. Consider a comparison o f  two variables whose values are a k- 
bounded machine  number  x a n d  a model  number  y, respectively. I f  x = y or i f  x '  
does not  include y, then the computer reports the correct result. On the other 
hand,  i f  x ~ y a n d  y E x',  then the computer may  report the correct result  or it  
m ay  report x = y. 

THEOREM 10. Consider a comparison of  k -bounded  machine  numbers,  x a n d  
y. I f  the computer reports x < y, then either x < y or x '  = y' .  Similarly,  i f  the 
computer reports x > y, then either x > y or x '  = y'.  Finally,  i f  the computer 
reports x = y, then x '  a n d  y '  have a nonempty  intersection. 

THEOREM 11. Consider a comparison o f  two variables whose values are a k- 
bounded machine  number  x a n d  a model  number  y, respectively. I f  the computer 
reports x < y, then in fact x < y, a n d  the value of  the first variable after the 
comparison cannot  be greater than  y. Similarly,  i f  the computer reports x > y, 
then in fact  x > y, and  the value of  the first variable after the comparison cannot  
be less than  y. Finally,  i f  the computer reports x = y, then in fact  y ~ x' ,  a n d  the 
value o f  the first variable after the comparison is y. 

7. OVERFLOW AND UNDERFLOW (THE BETES NOIRES OF PORTABILITY) 

To write a portable numerical program, one must design the algorithm and scale 
the data so as to permit a proo f  that  no overflow will occur. Furthermore, if 
underflow is not similarly prevented, one must allow for it in the error analysis. 

These rules are easy to remember, but not always easy to follow. This section 
shows why they are necessary, and discusses how they can be followed. Even if 
the alternative strategies were conveniently and portably available, we claim that  
other considerations, such as simplicity and efficiency, would favor the proposed 
strategy for many purposes. 

We begin by reviewing some of the basic facts of overflow and underflow on 
actual computers. If a computer is asked to produce a number that  is outside the 
range of the model but not outside the range of the machine, then the computation 
will continue with the result replaced by an approximate floating-point value. 
Such an event is called a mode l  underf low or mode l  overflow to distinguish it 
from the more easily recognized machine  underf low or machine  overflow. Un- 
fortunately, the accuracy of the approximation may be less than one would 
otherwise expect, and in certain cases the subsequent use of the value may cause 
further difficulties. 

On machine underflow, continued computation is always permitted with the 
result replaced by zero, a small floating-point number with the correct sign, an 
inf ini tesimal  with the correct sign, or an unsigned infinitesimal.  On machine 
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overflow, continued computation may be permitted with the result replaced by 
zero, a large floating-point number with the correct sign, an in f in i ty  with the 
correct sign, or an unsigned inf inity.  

When continued computation is permitted after machine underflow or machine 
overflow, there may, however, be a costly delay while a trap handler prepares for 
all sorts of irrelevant disasters, and discovers how little it is really expected to do. 
In any event, the numerical result may be wrong by many orders of magnitude, 
so any use of this option (even on a mathematically reasonable machine) must be 
highly disciplined to avoid utterly meaningless results. If continued computation 
is not desired, it may be possible instead to abort the operation, and on overflow 
the operation may be aborted regardless of the user's desires. 

To clarify the impact of these diverse phenomena, we now present a few 
examples of the resulting hazards. 

(a) If the machine range is not symmetric, as in a typical two's-complement 
system, then the statement 

y := -x  

may cause overflow or underflow. Since x is formally out of range in all such 
situations, this misfortune is not inconsistent with Axiom 2. 

(b) If division is implemented via reciprocation and multiplication, then the 
statement 

y :--- x / x  

may cause overflow or underflow. Since x is formally out of range in all such 
situations, this misfortune is not inconsistent with Axiom la. 

(c) If floating-point multiplication involves the production of a temporary un- 
normalized product, then this intermediate result may overflow even though 
the final normalized product is in range. Reducing em~x by unity will ensure 
conformance to the model. 

(d) If x is an in f in i tes imal ,  then the statement 

y := 1.0 × x 

may cause machine underflow because of an attempted normalization. Since 
x is not a model number, this misfortune is not inconsistent with Theorem 1. 

(e) If x is an in f in i tes imal ,  then the statement 

if (x ~ 0) then y := l.O/x 

may cause division by zero, because the special bit pattern may appear 
nonzero to the comparison operator but be recognized as a zero by the division 
operator. Although the exception should be labeled as division by an infini- 
tesimal rather than division by zero, the computer is essentially correct. What 
the programmer should have written is 

if (I x I > s)  t h e n  y := 1.O/x 

where s is a model number greater than ~-1. 
(f) If x and y are both equal to inf inity,  then the statement 

if (x = y) write "yes" 
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need not produce output, since the difference, x - y, may be undefined rather 
than zero. Although this phenomenon may be unfortunate, it is unfair to 
blame the computer. Programmers shonld be aware that  infinities are inher- 
ently dangerous. 

Some numerical analysts feel that  a wen-designed algorithm will rarely produce 
out-of-range numbers unless unreasonable demands are made on it. Hence they 
advocate that  overflow and underflow should be detected by the computer, and 
treated as fatal errors. From the viewpoint of a designer of mathematical software, 
this strategy is attractive because it succeeds in avoiding most of the responsibility 
for overflow and underflow without risking incorrect results. 

Others feel that  this strategy restricts the domain of applicability of an 
algorithm too severely, and should be modified to permit recovery after an 
overflow or an underflow. Thus "normal" cases would be handled with maximum 
efficiency, while testing, scaling, and other costly special actions would be taken 
only when the most straightforward approach fails. 

Most hold intermediate views, favoring a relatively strict treatment of overflow 
and a relatively permissive treatment of underflow. For the sake of portability, 
this paper advocates avoiding overflow altogether, and using underflow only with 
great care. Although this strategy is not unattractive, a software designer might 
well prefer one of the alternatives, and it is regrettable that  they cannot be 
implemented portably (and on some computers, not at all) for the following 
reasons: 

(a) Machine numbers outside the model range may be produced without detec- 
tion, and later use of these numbers may cause a loss of precision or perhaps 
some more spectacular disaster. 

(b) Some computers are incapable of interrupting the flow of control when an 
overflow or an underflow occurs. 

(c) Following a trap, there may be no way for the user's program to ask for the 
return of control, or no way for the operating system to grant it. 

8. ERROR ANALYSIS 

The purpose of this section is to show that  the model supports conventional worst 
case error analyses with the following minor qualifications: 

(A) On a computer with rounded arithmetic, the model's use of ~ as the unit of 
error is too conservative by a factor of 2. 

(B) For computers with division as a strongly supported operation, the model's 
assumption that  it might be only weakly supported is too conservative. If 
necessary, one can perform separate error analyses for the two classes of 
machines. 

(C) Conventional error analyses often assume an infinite range, but the model 
requires attention to the limits of the range. 

(D) If an initial datum x is not a model number, then enough error must be 
assigned to it to include the interval x', even though x may be exactly 
representable in the machine. 

(E) If a given expression has a common subexpression, then the subexpression 
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may yield different values for different uses, but the relative difference 
between any two values is less than ~. 

We shall confine our attention to forward error analyses starting from (16). Since 
backward analyses in the style of Wilkinson [23] assume less, they are a f o r t i o r i  

supported by the model. 
Let us begin by considering an expression f with no common subexpressions. 

Such an expression may be represented graphically by an m-node tree whose 
leaves are the initial data xl, . . . ,  x,, and whose remaining m - n nodes are 
supported (unary or binary) operators. For example, the expression 

f ( x l ,  x2) = xl  + x ~  1 (37) 

may be represented by the 4-node tree shown in Figure 1, where rec denotes the 
reciprocation operator (rec(x) = x -1 = l / x ) .  

Now let ]~ be the exact mathematical value of the subtree rooted at node i. Also 
let ~ = fl(~) be the computed value olin, and let ~ be the effective value (in the 
sense of Lemma 1, Lemma 2, or Theorem 7) of ]~ when it is used. By convention, 
we use the highest index for the root of the tree, so f = fm, f = fm, and 7 = f~. If f 
is never used, then we define f -  

Let each initial datum xi be approximated by a machine number ~, and let 
~i E ~[ be its effective value when it is used. Suppose that  the exact value of xi 
is known, and that  a well-designed input procedure is available to compute 
the approximation ~i. Then 

where 

~i --- x~(1 + ~), I ~i I <aiE, (38) 

I 0+, if xi is a model number, else 
1, if xi need not be converted 

ai = into the base-b representation, else (39) 
2, 

provided that  all possible values of 2i {that is, all numbers in x / o r  x +, whichever 
is relevant) are in range. 

If node i represents an initial datum, we have seen that  & is the relative error 
introduced by approximating xi in the computer. Otherwise, node i represents an 
operator, and we let & be its relative error in the sense of Theorem 3 or Theorem 
4, and ai its accuracy parameter as defined in (23). Finally, we let ~i =/~ - ]~ be 
the total error in ~. 
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We are now prepared for two formulations of the fundamental  theorem of error 
analysis. In the main part  of the proof, it is essential tha t  all possible computed 
approximations to a given subexpression be in range. To state this briefly and 
precisely, we shall say tha t  a subexpression h is portably  in range (for given 
environment  parameters and initial data) if every approximation/~ consistent 
with the axioms of the model is in range. Similarly, we shall say tha t  h ispor tably  
h-bounded if every possible approximation h is h-bounded. If  h is portably X- 
bounded but  not  portably in range, due to the possibility or certainty of underflow, 
then  h may  only be used in contexts where an accurate value is not  needed. To 
define such a context, let/~ be the result of an underflow, and note tha t  [/~[ _< o. 
Also, let ft be any real number  such tha t  0 < [ ft[ < o and h E f t ' .  Now we shall say 
tha t  h is negligible in the context g _. h if I g ] is large enough tha t  for every 2 E 
fl(~ _. 1~)' there is a 8 (with ] 61 < E) such tha t  ~ = (~ +_ h)(1 + 6) for some t~ ~ t~'. 
The word negligible is appropriate because typically/~ -- 0 (except on computers 
tha t  provide denormalized numbers [7], and therefore h is literally neglected in 
the evaluation of g _ h. 

THEOREM 12. Let  f (xl . . . . .  Xn) be an expression wi thout  common subexpres- 
sions, represented by a tree as discussed above. A s su m e  all  o f  the subexpressions 
fl . . . .  , fm are either por tably  in range or negligible. Then  for every ~ E/~(x) '  
there is a 6 = (61 . . . . .  6m) such that  

f - - f  (x) + ~ ( x ,  8), [&l<a~E,  l = 1  . . . .  ,m ,  (40) 

where 0 = ~Pm is recursively def ined by the fol lowing rules. 

(1) I f  fi is por tably  in range a n d  fi ~ O, then there are three possible subcases. 

(a) I f  node i is an  init ial  da tum so that  fi = xi, then 

q~i = 6ifi. (41) 

(b) I f  node i is a binary operator so that  fi = fJ*A, then 

~pi = ((fj + ~pj)*(fk + q~k))(1 + t~i) - ft. (42) 

(c) I f  node i is a unary operator so that  ]~ = *fj, then 

q~i = (*(~ + q~/))(1 + &) - ft. (43) 

(2) I f  fi is por tably  in range and  fi = O, then #pi = O, since the neighborhood o f  
zero is out  of  range. 

(3) I f  fi is negligible, then dpi can be obtained from (42) or (43) with 6i -~ O. 

PROOF. First, we shall assume tha t  all of the subexpressions fl . . . . .  f,~ are 
portably in range, and we shall prove the theorem for fi, using induction on the 
height of the corresponding subtree. There are three cases: 

(a) If node i is an initial da tum so tha t  A = xi, then the height is zero, and (41) 
follows from (38). 

(b) If node i is a binary operator so that /~ = fj * fk, then  the computat ion to be 
performed is ~ = f l(~* ~). Hence, by Theorem 3 there exist effective values 
/~ ~ ~' and fk ~ / ~  such tha t  

= (~ * h)(1 + 3~), I t~z I <ai¢.  (44) 
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Now, by induction, ~. -- ~ + ~y and fk -- fk + ~k, so  (42) follows immediately.  
(c) If  node i is a unary operator  so that  fi ffi *~, then Theorem 4 implies (43) by 

similar reasoning. 

On the other  hand, suppose some subexpression fk underflows, bu t  is negligible in 
the context/~ ffi/~ + fk where (40) holds for ~ and the operands of fk. Let  ~ be the 
result  of the  undefflow, and let/~k be the result  of reevaluating the underfiowed 
operat ion in exact real ari thmetic with its operands replaced by  their effective 
values. There  are two subcases: 

(i) If  node k is a binary operator  so that  fk = fp * fq, then/~k = fp * [q by  definition, 
and/~ E f l  by  Lemma 1. 

(ii) If  node k is a unary operator  so that  f~ ffi *fp, then/~k ffi "1~ by definition, and 
/~ ~ ~ by Lemma 2. 

In each subcase it is easy to show that  (40) holds for fk with 6k ---- 0. Also, by  the 
definition of  negligibility, for every fi E fl(/~ +_/~)' there  is a 6i such that  

= +- t )(1 + 6i), 1 6, I < E, (45) 

for some ~ E/~:. Since ai = I for addition and subtraction, this formula can be 
used at node i in place of  (44). [] 

8.1. Generalizations 

While Theorem 12 views f a s  an approximation to f (x) ,  it is sometimes advanta- 
geous to view it instead as an approximation to f(~).  If  xx . . . . .  x ,  are model  
numbers,  the  two formulations are, of course, identical. In the general case, 
however,  the  effective-value formulation permits  us to relax the constraints on 
fl . . . . .  fro, and to set  61 . . . . .  6, equal to zero. To  permit  a concise s ta tement  of 
the relaxed constraints, we shall say that  a subexpression h is effectively exact  if 
for every/z  E/~ (x)' there is an i E x '  such that  h = h(~). 

Another  convenient  generalization is to express the theorem in terms of the 
relative errors ~i --- ~pi/fi. 

To save space, we shall omit  making these two generalizations separately, and 
proceed directly to the fundamental  theorem that  is obtained by  making them 
together. If  f is used as an n-ary  operator  in a larger expression, this theorem 
provides the  appropriate generalization of Theorem 3 for the error analysis. 

THEOREM 13. Le t  f (xl ,  . . . , x ,)  be an  expression wi thout  common subexpres- 
sions, represented by a tree as discussed above. As su m e  tha t  al l  o f  the sub- 
expressions fl, . . . ,  fm are por tably  ?~-bounded, a n d  tha t  each o f  the subexpres- 
sions f,+l, . . . ,  fm is por tably  in range, effectively exact, or negligible. Then  for 
every [ ~ f (x) '  there exist  ~ E x'  a n d  ~ = (61 . . . . .  6~) such that  

[ffi f(~)(1 + ~(~ ~)), 6t ffi 0, l = 1 , . . . ,  n (46) 

I 6t [ < atE, l f f i n + l , . . . , m ,  

where ~ ffi ~ m  is recursively def ined by the fol lowing rules. 

(1) I f  fi is por tably  in range a n d  fi ~ O, then there are three possible subeases. 

(a) I f  node i is an ini t ial  da tum so that  fi ffi xi, then 

7/i ffi 6i. (47) 
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(b) I f  n o d e  i is a b inary  opera tor  so t h a t  fi = fj * fk, t h e n  

T/i = f~-1((]~(1 + ~))  * (fk(1 + ~k)))(1 + 6i) -- 1. (48) 

(c) I f  n o d e  i is a u n a r y  opera tor  so t h a t  fi -- *fs, t h e n  

~i = fi-l(*(]~(1 + yj)))(1 + 6i) - 1. (49) 

(2) I f  fi is p o r t a b l y  in r a n g e  a n d  fi = O, t h e n  ~i ffi O, a n d  so w e  can  se t  yi ffi O. 
(3) I f  ]~ is e f fec t ive ly  exac t ,  t h e n  ~i = O, a n d  so we  can  se t  ~i ffi O. 
(4) I f  fi is negl ig ible ,  t hen  the  re la t i ve  error  ~i m a y  be large  or  even  inf ini te ,  bu t  

on ly  the  abso lu te  error  d?i ffi ~i~ is needed ,  a n d  it  can  be o b t a i n e d  f r o m  (48) 
or (49) af ter  f o r m a l l y  m u l t i p l y i n g  both  s ides  by ]~ a n d  se t t i ng  6i ffi O. 

PROOF. If  all of the subexpressions fn+l . . . . .  fm are portably in range or 
negligible, then the proof is the same as the proof of Theorem 12 with the 
substitutions 

x = ~  

~1, . . . ,  ~, -- 0 (50) 

~i = ~i]~. 

Otherwise, for each 1~ tha t  is effectively exact, the relevant components of x can 
be chosen so tha t  (46) holds for ~ with ~i = 0. [] 

8.2 First-Order Approximations 

Since explicit error formulas derived from any of the preceding recurrence 
relations are usually quite complicated, expansions to first order in E are of 
considerable interest. If  node i is a binary operator, we rewrite (42) as 

~, = t~,~ + fj * h - ]~. (51)  

Noting tha t  the second term on the right is/)(fj, fk), we can expand it in a Taylor  
series, and thus obtain 

0t;. 0t; ~i ffi 6,f~ + ~ ~i + -~k ~'" (52) 

Similarly, if node i is a unary operator, (43) yields 

at; ~i ffi 8~t ;  + ~ ~ .  (53) 

Finally, be repeated application of (41), (52), and (53), we obtain the first-order 
approximation 

= iff, ~)~ (&/~) (54) 

Dividing through by f, we obtain the equivalent to the absolute error in )~ 
approximation 

i--1 O j~] 
(55) 
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TaMe I. Recurrence Formulas for ¢i 

Operation ~i (exact) ~ (first order) 

h = h + f* &/; + (1 + 6i)(¢j± ¢,) &/~ + Cj -+ ¢, 
h f h x f ,  ( l + & ) ( h + @ ) ( f , + ¢ , ) - f ~  a,~ + Cjf, + ¢,h 
h=h/ f ,  ( l +8 , ) (h+¢ j ) / ( f ,+¢ , ) - f ,  8,f ,+(f ,~-hck)/ f~ 
fl = + h b  k +¢#jb* :l:¢kjb" 

Table II. Recurrence formulas for yi 

Operation ~li (exact) yl (first order) 

h = h + f ,  ( l  + ~ ) [ l  + f ; ' ( h , t j  + f , , iD ] - I 8, + f ; ' ( h ~ j  + f,,l~) 
h = h X f, (1 + &)(1 + ,lj)(1 + ~,) - 1 & + 'lJ + '1* 
h -" h/f* (1 + 6~)(1 + ~b)t(1 + ~l*) - 1 & + nJ - T/, 
h = ¢ h b *  ~.i n/ 

to the relative error. Note  tha t  the coefficient of & in this formula is simply the 
relative derivative of f with respect  to /~. If  all of  the operators  are strongly 
supported,  then  [ &[ < e for i - 1 . . . . .  n, and it follows tha t  

i,J<  X (56) 
, -1 f a / ;  " 

8 . 3  U n i v e r s a l l y  S u p p o r t e d  O p e r a t o r s  

T h e  special cases of the recurrence formulas for ~i and ~i tha t  correspond to the 
e lementary  ar i thmetic  operat ions and to scaling by  a power of the  base are given 
in Tables  I and II, where the first-order approximations express the familiar rules 
of everyday  error  analysis. 

E x a m p l e  1. To  illustrate the application of  these formulas, let us re tu rn  to 
(37) and Figure 1. For  convenience, we shall assume tha t  reciprocat ion is strongly 
supported.  Clearly 

l ~ X l  

f2 -- x2 (57) 

fa = x ~  1 

f ~" f 4  = X l  "~" X ;  1 , 

and by  (55) the first-order relat ive error  in f i s  

= x ~ f - ' 6 1  - -  x ~ ' f - i ~ 2  + x ~ ' f - l ~ 3  + & .  (58) 

Clearly [ ~ ] is large if and only if If[ is small compared  to [ x, [ or ] x2 -1 ], which is 
t rue if and only if the two terms of f are near ly  equal in magni tude  and opposite 
in sign. In this case we also see tha t  the "catastrophic  cancellat ion" at  node 4 
amplifies the errors in its operands,  bu t  does not  add any impor tan t  new term. 
Fur thermore ,  since max [ 6i[ < e, we have 

171 < ( I  x x f - l l  + 2 I x2 -1 f - l [  + 1)e, (59) 

which is our  final result. 
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1, 

Fig. 2. Graph ofx + x -~. 

E x a m p l e  2. If a rational expression has common subexpressions, it  is not  
represented by a tree, but  by a more general directed acyclic graph (DAG). 
However, the preceding discussion is essentially unchanged except for Qualifica- 
tion (E). Instead of reformulating Theorems 12 and 13 and their  proofs in full 
generality, we shall illustrate the required changes by analyzing the expression 

f ( x )  = X "b X -1, (60) 

which may  be obtained from (37) by setting xl = x2 = x, and may  be represented 
by the DAG shown in Figure 2. 

In numbering the nodes of this DAG, we have assigned two node numbers to 
the leaf x, because it is a common subexpression with two uses, and Qualification 
(E) requires us to assign a different 6 for each use. We now observe tha t  

f l = A = x  

f~ = x - l  ( 6 1 )  

f . A ~ X + X  -1. 

For machines tha t  deliver the same value of x for each use, we can set 6~ = 62 
= 6, and apply (55) directly to obtain 

71 = (x  - x -X ) f -16  + x-if-163 + 64, (62) 

from which it follows tha t  

with 

[~/[ < e h ( x )  (63) 

h ( x )  = h i ( x )  

= I x F '  - x - ' f - '  I + x - ' f - '  + 1, (64) 

~ x f  -1 q- 1, i f lx l  >- 1, 
= [ ( 2 X  -1 - -  X ) f  -1 + 1 ,  i f[x[  --< 1, 

f 2 - x - l f  -1, i f l x ,  >_ 1, 
= ~3 3xf -~, i f lx l  <- 1. 

In the more general case when Qualification (E) must  be taken into account, 
we replace Figure 2 by Figure 1 with x~ and x2 set equal to x. In this case, (55) 
yields 

= xf-l~, - x-~f -162 + x - l f - ~ 6 ~  + 64. (65) 

ACM Transactions on Mathematical Software, Vol. 7, No. 4, December 1981. 



470 • W.S. Brown 

However, instead of setting 81 = 82, we now impose the weaker condition that  
I 81 - 82[ < ~, and thus obtain (63) with 

h ( x )  = h2(x) 

= max(xf -1, x - i f  -1) + x - i f  -1 + 1, (66) 

(x + x - l ) f  -1 + 1, i f  [ x [ - 1,  
= [ 2 x - I f - l +  1, i f l x l -  1, 

{2 3 iflxl-> 1' 
= '-2xf-', i f lx l -  1. 

An interesting fact about this example is that  if E is too large, then E-1 is too 
small and vice versa, so the errors tend to compensate. However, when Qualifi- 
cation (E) is taken into account, the delivered values of 2 may be different for its 
two uses, and this compensation may be partially defeated. N e v e r t h e l e s s ,  the 
constraint [ 81 - 82 [ < ~ has permitted us to retain half of the advantage. Without 
this constraint, (65) would have yielded 

h(x )  = h3(x) = 2 + x - i f  -1 = 3 - x f  -~, (67) 

and it is easy to see that  h2 is midway between this and hi. 
We remark that some expressions, such as f ( x )  = x - x -1, do not exhibit the 

phenomenon of compensation, and in such cases Qualification (E) has no effect 
on the analysis. 

9. AN ALGORITHM FOR THE EUCLIDEAN NORM OF A VECTOR 

To explore the issues involved in using the model, we present an accurate, 
efficient, and portable algorithm to compute the Euclidean norm of the compo- 
nents of a vector x = (xl . . . .  , x,). By appropriate scaling, the algorithm avoids all 
overflow, except possibly at the last step where the procedure itself may detect 
and signal it. However, the algorithm tolerates underflow if the resulting loss of 
accuracy is negligible. Although the algorithm is essentially due to Lawson [17], 
his analysis is considerably less detailed than the one presented here. In pleasant 
contrast to this analysis, the algorithm itself is quite simple. A similar algorithm 
due to Blue [1] avoids underflow as well as overflow, but is less simple and less 
efficient. 

The algorithm is accurate in the sense that  the simple (and achievable) error 
bound is not affected by scaling or by the possibility of underflow. 

The algorithm is efficient in the sense that  it makes only one pass over the 
vector, and uses only a single accumulator. The overhead due to scaling consists 
of at most n + 1 comparisons and n + 1 multiplications. 

Finally, the algorithm is portable in the sense that  it depends on the host 
computer only through the environment parameters and arithmetic axioms of 
the model. Thus a program implementing the algorithm can be used without 
change on any computer that  conforms to the model, provided only that  the 
parameters receive correct values by some mechanism such as a compiler, a 
preprocessor, or a set of library functions. 

THEOREM 14. L e t  x =- {xl . . . .  , x , )  be a vec tor  o f  X - b o u n d e d  m a c h i n e  n u m -  
bers,  le t  f(x) be the  E u c l i d e a n  n o r m  o f  x ,  a n d  le t  [ be t he  a p p r o x i m a t i o n  
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computed  by the fo l lowing algori thm. Also,  let ~ be the effective value o f  x as  
de f ined  in Sect ion 6, a n d  assume  that  the square-root  funct ion  is a suppor ted  
unary  operator. Then  for every f ~ f '  there is a real  n u m b e r  ~1 such tha t  

wi th  

/~= f(~)(1 + ~/), 

< (n + 2)~/2 + 0(~2). 

(68) 

(69) 

9.1 The Algorithm 

procedure norm(x, n) 

check: 
assert (0 _ n < N) 

small: 
s u m  : =  0 

i : = 1  
while (i - n) 

if ( I xil < t) then sum := sum + (Sxi) 2 
else go to medium 
i : = i + l  

return ( s~/~um/S) 

medium: 
sum := ( sum/S) /S  
while (i _< n) 

if ( ] xi l < T)  then sum := sum + x~ 
else go to large 
i : = i + 1  

return (s,~-u-mum) 

large: 
sum := (sum x s) x s 
while (i _< n) 

sum := sum + (sxi) 2 
i : = i + 1  

return: 
if ( sJ~um < ks) then return (sJ~um/s) 
else {signal overflow; return (X)} 

end 

PROOF OF THEOREM 14. This  is an application of T h e o r e m  13. Because of 
branching, the evaluated expression is da ta  dependent .  However,  all variations 
are mathemat ica l ly  equivalent  (any scaling is compensated  by  appropria te  un- 
scaling), and we will show tha t  T h e o r e m  13 applies in all cases. 

First  we present  an approximate analysis to mot ivate  the  defintions of s, S, t, 
T, and N, and to guide the formal  proof. T h e n  we show tha t  all subexpressions 
are por tably  }t-bounded, and tha t  all underflowing subexpressions are e i ther  
effectively exact or negligible. Finally, we derive (69), which is a first-order bound 
on the relative error. [] 

9.2 Approximate Analysis 

T he  approximate  analysis given here  is in tended solely for mot ivat ion and 
guidance, and is not  par t  of the formal proof. 
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First, to guarantee tha t  at  least half  of  the digits in the computed  norm are 
significant, we require tha t  NE _< E 1/~ (see the error  analysis below), or 

N -< E -1/2. (70) 

Next,  to avoid unnecessary scaling, we want  the  medium range to be as large 
as possible. T o  avoid overflow in forming the  sum of the  squares of the  medium 
components ,  we need N T  2 <_ A, so we set  

T = ( A / N )  1/2. (71) 

On the o ther  hand,  once a medium componen t  has  been  encountered,  subsequent  
small components  are not  scaled away f rom zero, and their  squares m ay  under-  
flow. T o  ensure tha t  any  such terms are negligible, we need t 2 _ a / c  Hence  we 
set 

t = (o/E) 1/~. (72) 

Turning  to the  small range, S must  be large enough to avoid underflow when 
a scaled nonnegligible component  is squared. This  implies tha t  (So) 2 _> a, or 
S >__ 0 -1/2. Hence  we set 

S ~- 0 -1/2.  (73) 

On the o ther  hand,  the sum of the  squares of scaled small components  mus t  not  
overflow. This  implies tha t  N ( S t )  2 ~_ A, or 

N - ek. (74) 

In the large range, s mus t  be small enough to avoid overflow in forming the 
sum of the  squares of  the large components.  This  implies tha t  N ( s k )  2 <_ ~, or 
s <__ (AN)  -1/2. Hence  we set 

s = (AN)  -~/2. (75) 

Once a large component  has been encountered,  subsequent  medium components  
are sealed toward zero, and their  squares may  underflow. T o  ensure tha t  any 
sueh te rms are negligible, we need ( s T )  2 ~_ o/~, or 

N <_ (olE) -112. (76) 

Finally, to ensure tha t  S is in range, we need o -~/2 _< ~ or 

oh 2 ~ 1, (77) 

and to ensure tha t  s is in range, we need o _~ ( h N )  -~/z or 

N _ (o2X) -1. (78) 

In ehoosing N, we must  satisfy (70), (74), (76), and (78). To  satisfy (70), we set 

N = E -1/2, (79)  

and the  remaining inequalities reduce to 

k ~ e -a/2 

o ~ ~2 (80)  

O2)k _____ E 1/2. 

As noted in Sect ion 3, (77) and (80) are implied by  (7), (8), (12), and (13). 
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9.3 Definitions 

T o  comple te  the specification of the  algori thm, we now define s, S, t, T, and  N by  
rounding the  approx imate  values  to powers  of  the  base. T o  compensa te  for the  
possibil i ty of adverse  effects f rom the rounding of s, S, t, and  T, we define N to be  
str ict ly less t han  the  approx imate  value suggested by  (79). T h u s  we obta in  

s =  b e, 

S f b e s  

t--- b e' (81) 

T =  b eT 

N =  beN, 

wi th  

e~ --- [-½(emax + eN)J 

e8 = [½(1 -- emm)] 

et = [½(em= + p -- 2)] (82) 

e T  = [ ½ ( e m a x  - -  e N ) J  

eN = [½(p  - 2)J. 

Note  t ha t  the  a lgor i thm is useful ( N  > 1)only w h e n p  _> 4. 

9.4 Preliminary Results 

T o  prove  t ha t  all eva lua ted  subexpressions are acceptable,  we need the  following 
inequalit ies and lenunas.  Firs t  by  (82), 

2e8 _ --(emax + eN) (83) 

2es --- 1 - emi. (84) 

2et _ e ~ ,  + p - 2 (85) 

2eT <-- emax -- eN (86) 

2eN --< p -- 2. (87) 

In  each  case, the two sides are equal  if the r ight  side is even, and  they  differ by  
uni ty  otherwise. Hence  

2(es + et) ~ p + 1 (88) 

and similarly 

2(e8 + eT) > --2(eN + 1). (89) 

Since --2(eN + 1) ___ --p _ emm + p --2 by  (87) and (9), it follows tha t  

2(e~ + eT) > emi~ + p -- 2. (90) 

Also, since p ~ 2 in all meaningful  f loating-point  systems,  we have  p + 1 _< 3p /2  

--- (2p - 1) - ( p  - 2)/2, and it follows f rom (88), (10), and (87) tha t  

2(es + et) "< emax - e N .  (91) 

We now turn  to the needed lemmas.  
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LEMMA 4. Le t  u, v, a n d  u * v be posi t ive mode l  numbers,  where  * is addi t ion 
or multiplication, a n d  let x a n d  y be posi t ive mach ine  numbers  with x <_ u a n d  
y <_ v. Then  

f l ( x  * y)  <_ u * v, (92) 

a n d  similarly when  all  the inequalit ies are reversed. 

PROOF. By  Axiom 1. []  

LEMMA 5. Le t  n be an integer with 0 < n < b p, let B be a power  o f  the base 
with ~ <_ B <_ %/n, a n d  let yl  . . . .  ,3,, be mach ine  numbers  with 0 <_ yi <- B. Then  

z - f l ( y l  + . . .  + y . )  <_nB. (93)  

PROOF. T h e  proof  is by induction on n. I f  n = 1, the theorem is trivial. 
Otherwise, the  last step is to compute  z ffi fl(zl + z2) where z, and z2 are computed  
part ial  sums. By  induction we may  assume tha t  z~ <_ m B  and z2 -- 
(n - m ) B  for some m < n.  Now since n ~ b p, n i s  a model  number,  and L e m m a  
4 implies tha t  z <_ n B  as was to be shown. []  

LEMMA 6. I f  n is an integer in the interval  0 <_ n < N, then 

n 
_ < beN . . . .  . (94) 

PROOF. By  hypothesis,  n _< N - 1 = be~(1 - b -e~ ). Since eN < p, it  follows 
tha t  n < beN(1 - b - P ) .  Finally, dividing this by  (6), we obtain (94). [] 

LEMMA 7. Let  x be a h-bounded machine  number,  let u be a mode l  number,  
a n d  let B be a p o w e r  o f  the base. Suppose  B, B -~, a n d  uB are all  in range, a n d  
hence also mode l  numbers.  I f  the computed  value o f  the relation x < uB is true, 
then in fact  x < uB, a n d  fl  ( x / B )  <_ u. 

PROOF. Since uB is a model  number,  we have x < uB by T h e o r e m  11. Hence  
x / B  < u, a n d  ~ / B  <_ u for all ~ E x' .  Also, f l ( x / B )  ~ x ' / B  by T h e o r e m  5, and 
therefore  f l ( x / B )  <_ u, as was to be shown. [] 

LEMMA 8. Let  g a n d  h be expressions with computed  values ~ and  h. Suppose  
>_ a/~, while  the interval  ~ '  + a is h-bounded.  Also  suppose f~ is the result  o f  an  

underflow, with 0 < f~ <_ a. Finally,  let f~ be any real  number  in the interval  0 < 
f~ < a. Then  for every ~ E f l ( ~  + f~)' there exist  ~ E ~ '  a n d  6 such that  

~--- (~ + ];)(I + 6), 181<E, (95) 

a n d  therefore h is negligible in the context  g + h. 

PROOF. We shall prove tha t  there  exists ~ ~ ~ '  such tha t  

f l (~  + ]~) E (~  + ]~)', (96) 

and the conclusion follows immediately.  
To  prove it, let  ~ '  = [u, v], and let  w be the next  larger model  number.  Since 

u >_ o/~, we have  w - v >_ v - u >_ a. Hence  f l (~  +/~) ~ [u, w] by  Axiom 1. Now 
i f f l ( ~  +/~) ~ [v, w], then  (96) holds w i t h ~  = v. Otherwise, f l (~  + h) ~ [u, v], and 
(96) holds with ~ = u. []  
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9.5 Overflow Analysis 

To prove that  the medium-range summation does not overflow, we note that  
] x i l  < T by Theorem 11, and therefore 

:~i -- fl(x~) _ T 2 (97) 

by Lemma 4. It follows that  

by Lemma 5. Also, 

by (86), and therefore 

5 ~- fl(~ yi)  <-- n T  2 (98) 

e N  - -  emax + 2 e T  4< 0 (99) 

by Lemma 6. We conclude that  5 < ~ by (98) and (100). 
In considering the small-range summation, we note that  I xi[ < t by Theorem 

11, and therefore 

and 

I f l ( Sx i ) l  <- S t  (101) 

by Lemma 5. Also 

by (91), and therefore 

Y i  - fl((Sxi) 2) -< (St)  2 

by successive applications of Lemma 4. It follows that 

5 - fl(~ Yi) <- n ( S t )  2 

e N  - -  em.x + 2(es + e t )  ~-- 0 

and 

Also, 

n (S t )  2 < 1 (105) 
h 

by Lemma 6. We conclude that  5 < X by (103) and (105). 
In considering the large-range summation, we begin with I xil < b .... rather 

than I xi  I <- X because k is not a power of the base. Following the same pattern as 
before, we have 

Yi = f l ( ( sx i )  2) <-- ( sb  . . . .  )2. (106) 

5 = fl(~ yi)  <-- n ( s b  . . . .  )2 (107) 

e N  - -  emax + 2(e~ + e ~ a x ) _ < 0  (108) 
ACM Transactions on Ma~ematical Software, V~. 7, No. ~ December 1981. 
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by (83), and therefore  

n (sbe~..) 2 < 1 (109) 

by  Le mm a  6. We conclude tha t  E < ?~ by  (107) and (109). 
Finally, to prove tha t  the precaut ions taken  in the  return section of the  

algori thm are sufficient to avoid overflow when ~ is unscaled, we simply 
apply L e m m a  7. 

9.6 Underflow Analysis 

In the smal l  section of the  algotithm, let  yi = (Sxi) 2 by the i th  te rm of the sum. 
If  I xi[ ~- o, t hen  Yi - (So) 2 - a by  L e m m a  4 and (84), so underflow cannot  occur. 
On the  o ther  hand,  if [ xil < o, then  0 -~ ~i -~ (So) 2 by  L e m m a  4. Hence,  for every  
Yi E y~ there  is an ~i E x~ such tha t  Yi = (S~i) 2, and therefore  yi is effectively 
exact. Finally, if several leading components  of  x have magni tude less than  o, 
their  sum is effectively exact by  similar reasoning. 

In the  medium section of the algorithm, the  scaled sum from the smal l  section 
may  underflow when it  is unscaled, and any t e rm x 2 after  the first may  underflow 
when it is produced.  In e i ther  case, the  next  step is to add the underflowed 
subexpression h to a sum g of one or more  te rms x 2. Since g includes the square 
of at  least  one component  xj whose magni tude  is repor tedly  greater  t han  or equal  
to t, we have ~ ~ t 2 _~ a/E by  T h e o r e m  11, L e m m a  4, and (85), and therefore  h is 
negligible by  L e m m a  8. 

In the  large section of the  algorithm, the  sum from the m ed iu m  section m ay  
underflow when it is scaled, and any te rm (sxk) 2 af ter  the  first m ay  underflow 
when it is produced.  In e i ther  case, the  next  step is to add the underflowed 
subexpression h to a sum g of one or more  te rms (sxj) 2. Since g includes the 
scaled square of at  least one component  Xy with a magni tude  tha t  is repor tedly  
greater  t han  or equal to T, we have  ~ ~ (sT)  2 ~_ o/E by  T h e o r e m  11, L e m m a  4, 
and (90), and therefore  h is negligible by  L e m m a  8. 

9.7 First-Order Error Analysis 

For  simplicity, we first consider the case where no scaling is needed.  Using Table  
I, we assign an error  bounded by  cyi to the computed  value of  the t e rm yi = x 2, 
and these contr ibut ions add up to an error  bounded by  ~z in the sum z = ~ yi. 
Each  of  the  n - I nontrivial  additions also contr ibutes  an error  bounded by  ~z, so 
the absolute er ror  in z is bounded  by nez, and the relative error  by  nE. This  
contr ibutes  a relat ive error  of  ne/2  to the  norm, and the  square root  adds another  
E, since it is assumed to be a suppor ted  unary  operator.  

If  scaling and unscaling are required, they  are special unary  operators  (see 
T h e o r e m  5), and therefore  no additional error  te rms are required. We conclude 
tha t  the first-order relat ive error  is bounded  by  (n + 2)E/2, as was to be shown. 

10. EXTENDED RANGE AND PRECISION 

T h e  preceding algori thm demonst ra tes  a very  high s tandard  of provable perform- 
ance, achieved by  techniques tha t  are familiar and appropria te  in nonpor table  
programs on a var ie ty  of computers.  Broadly  speaking, the price of  portabil i ty is 
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to adopt the overflow/underflow strategy recommended in Section 7 and to give 
up the conscious exploitation of the extra information in extra-precise numbers. 
Since the algorithm, the error bound, and the approximate analysis are all quite 
simple, this price may seem affordable. However, one should not lose sight of the 
fact that  the whole purpose of the algorithm is to evaluate the expression (x~ + 
• . .  + x ~ )  ~/2. 

So far, we have implicitly accepted the constraint of having only a single 
floating-point number system. If an auxiliary e x t e n d e d  system is available, 
providing both extended precision and extended range, then it is very easy to 
implement most elementary numerical operations so that  overflow and destruc- 
tive underflow are avoided and the results are accurate to within a single rounding 
error. For example, the following algorithm computes the Euclidean norm of a 
short vector x = (x~ , . . . ,  x~) to within e, avoiding both overflow and underflow, 
except possibly when the extended result is shortened. 

procedure n o r m  (x, n) 
extended s u m  :ffi 0 
assert (0 ~ n < N) 
i:--1 
while (i ~ n ) 

s u m  := s u m  + x 2 

i : = i + 1  
return (short (s~f~um)) 
end 

By the analysis in Section 9, the extended result is accurate to within a relative 
error of (n + 2)eext/2, where eext is the maximum relative spacing between model 
numbers in the extended floating-point system. Hence the desired accuracy of 
the short result is guaranteed provided that  we choose n + 2 < 2E/Eext. Thus we 
can allow for N up to about 2 × 106 if the extended system provides 20 extra bits 
or 6 extra decimal digits in the fraction field. 

To avoid overflow in this algorithm, we require only that  Xe~t -> nA 2. Since 
n < ~ in all plausible contexts, it suffices for this algorithm to have ~ext ~ ~3. 
For most practical computations, it will probably suffice to have 2 extra bits in 
the exponent field (k~xt = ~4), but for still greater safety we recommend 3 extra 
bi t s  (hext ~ ~8) or one extra decimal digit (h.~t = ~1o). 

To avoid underflow in this algorithm, we require only that  ae~t -- o ~. Again, for 
most practical computations, it will probably suffice to have 2 extra bits in the 
exponent field (o~t = a4), but for still greater safety we recommend 3 extra bits 
(ae~t ~ o s ) or one extra decimal digit (o~t ~ o1°). 

Once we have an extended number system at our command, we will need 
library procedures for computing with extended numbers. For occasions when 
maximal accuracy and robustness are essential we will need another auxiliary 
number system with still greater precision and range. Thus we may need an 
arbitrarily long sequence of number systems, each offering more precision (at 
least 20 extra bits or 6 extra decimal digits in the fraction field) and more range 
(at least 3 extra bits or one extra decimal digit in the exponent field) than its 
predecessor. Probably only the first two or three of these systems would be 
provided in hardware, but all of them should be conveniently available at the 
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language level. To avoid an infinite sequence of libraries, we will need a language 
facility for determining the length of a formal parameter and declaring auxiliary 
variables of greater length. 

It is interesting to consider the number formats that are suggested by these 
requirements. Typically we would allocate one word for short numbers, two words 
for long numbers, three words for long long numbers, and so forth, with the bits 
or digits of each word after the first being divided in some fixed ratio between the 
exponent and fraction fields. As an example, for binary computers with 32-bit 
words, we are enthusiastic about current proposals [7, 20, 13] to partition the first 
word into an 8-bit signed exponent and a 24-bit signed fraction with an implicit 
normalization bit, and for long numbers to allocate 3 bits from the second word 
to the exponent field and the remaining 29 bits to the fraction field. 

On a decimal computer with nine digits and perhaps 1 or 2 sign bits per word 
(all of which could easily be encoded in 32 bits), we would suggest partitioning 
the first word into a 2-digit exponent and a 7-digit fraction, and allocating one 
digit from each subsequent word to the exponent field and the remaining 8 digits 
to the fraction field. 

On a computer with exceptionally long words (e.g., 60 bits or 18 decimal digits), 
it may be desirable to call the single-word numbers "long." In this case a 
reasonable facsimile of a "short" system can be provided by performing a range 
check and an optional rounding on every assignment of a long value to a short 
variable. 
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