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INTRODUCT ION

The memorandum documents explicit and recursive
formulas for gravity and gravity gradient using spherical
harmonics. It is a companion paper to [l] which is a com-

pendium or the properties of the Legendre polynomials used
in the spherical harmonics.

THE POTENTIAL

The spherical harmonic expansion for the gravita-
tional potential of a planet is commonly given as

(4

oo‘ v L
u = % E; (%) Pem(sin¢)(szcosmx+szmsinmx)
£=0 m=0

where U is the pctential, yu equais GM where G is the universal
gravitational constant, M is the planet's mass, r is the radius
from the origin of the planet-fixed axes to a field point; ¢ and

A are the field point's latitude and longitude, R is a "reference"

Ex : :
radius for the planet, Pt is the unnormalized associated Legendre

polynomial of degree { and crder m, and sz and stm are the con-
stants which describe the planet.



S A T T N e s

Cyp = 1 describes the central body (spherical)

potential, as the planet would appear from a far distant point.
All 820'5 are taken as zero. ClO’ Cll' and S11 are associated

with the center of mass location relative to the origin of the
axes:

Usually these are assumed to be zero.

If the planet's inertia tensor is

A -D -E
-D B =P
-E 2 C

where, typically
As f(y2 + z%)am

D = +./.xy dM
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then
1 A+B )
C = - |=m— = C
20 ;2'4 2
1
C = - E
21 RTM
1
S = —7—-F
21 R M
C,, = ——5 (B-A)
4MR
S = 1 D
22 Hup?
If the planet is symmetric about its rotational (z)
axis, then sz = 0 for m>0 and all SZw = 0,
GRAVITY

The acceleration of gravity g is the gradient of the
potential. Two decompositions of the acceleration vector are of
interest. One projects it on planet axes xyz and the other on
radial, East (and horizontal), and North (and horizontal) axes at
the field point r,¢,). Explicit forms are given in Table 1.

Figures 1 - 7 show plots simplified forms of U and
of 9.r g and Iy for the coefficients £ and m from 2,0 to 3,3.

Specifically, what is plotted is

ue,m = sz(sin¢)cos ma

gr(lpm) = - (£+1) le(sino)cos mi
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-4_
gN(Z,m) = - (mggégﬁ sz(sinQ) - P£m+1(sin¢)) cos m)
gE(Z,m) = - m Pem sin m)/cosé

The results for dypr Ipo and gy are thus in a "per-unit" scaling,
and apply for sz. For SZm add 90° East to the longitude. A
satellite's orbit could be affected by gp and Iy both in-plane

and normal to the orbit plane, both horizontally, and in varying
amounts if the orbhit is eccentric.

Table 2 lists current.y used coefficients for the
earth (4] and moon (5] and Figures 8 and ¢ give plots of 1, C

g+ and Iy for these fields.
Recursive formulas for the calculation of Iyr Iy and

Yy
g, have been developed by DeWitt [2]. superior for such calcula-
tions to those developed by James [3]. DeWitt writes
u," = “RE P," (sin¢)cos mi
E N T

m _ uR m . :
Vl r‘+1 P£ (sind)sin m)
so that
® L
= m m
. - E: E: ComUp *+ SppVe )
£=0 m=0

and develops the recursive formulas

*Note that with u, R, r all equal 1 and A equal zero, then

ULm = Pcm. «The recursive formulas can thus be used to calculate

sz’ if desired.
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m R 1 = m
Uear = (5] gomer (cose (20+1)0," - temyuyTy)
- = [R 1 m _ m
J£+l (r) T=wil {COS¢(2£+1)V£ (£+m)v£_1}

and

L2+1 R L I
U£+1 = ‘F) (2£+1) {UZ cos\ = V2 sin)}

£+1 R L A
V£+1 = ‘F) (22+1) {VL cos) - Vl sin)}

One starts with Uoo

formulas to the maximum £ desired, and then uses the other two
to obtain the remaining needed terms.

= u/r, Voo = 0 and applies the last two

The gradient of the potential, in xyz axes, is the

vector
9
X = 2
- & m m
vu gy Z z (sz VUZ + Szm VVI, )
£=0 m=0
9,
where
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(=m1) (E-m+2) UPLT - UpL]
:%; TSN I
m
| 3 -2(£-m+l)U£+l =
8 =
y (L=r+l) (£-m+2) V?+i - V?:i
3
; m _ 1 m=1 m+1
sz = 3R (L-m+1) (£-m+2) Uz_l + U£+l
-2 (L-m+1) v, J

Thus if £, m are the maximum indices for Cep @nd S, , then
£+1, m+l are the necessary maximum indices for U and V.

o i aaa e I

GRAVITY GRADIENT

T
"

The gravity gradient is a 3 x 3 matrix here called G.

i o

Explicit formulas for the elements of G are given in
Table 3. Recursive formulas for G were also developed by DeWitt
and are

&
¥

. 2
G = 9V = Z Z (Cppm vvuz'" + 8y, vvvl'")
£=0 m=0

where
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E m=1 m+1
(L=m+1l) (£=-m+2) VU£+1 - VU£+1
m . m+1
VVUC = - (L=m+l) (L£=m+2) ‘V£+1 VV£+1
m
-2 (L=-m+l) VU£+1
m=1 m+l
(L-m+1) (L=-m+2) YV, 3 = W,
m _ = = m=l . W]
vvvz = (£-m+1) (L-m+2) VU£+l VU£+1

m
-2 (L-m+1) LAY

In this YV and VU become row vectors instead of column

vectors so that, for example, =2 (L-m+l) vuzrl is the last row of

m m+l . m+2 s ==
VVU£ . Note that since VU£+1 involves U£+2, more coefficients

must be computed if the gradient is also required.

LY

2014-WGH-1 f W. G. H on



X TABLE I
% EXPLICIT FORMULAS FOR GRAVITY
X
;:'E
g, =" 2: 2: ( ) 7{(CL cos (m+l1l)) + Sl Jin(m+])A)P?Ii(sino) -
£=0 m=0
;; = (L-m+1) (£-m+2) (C;, cOS(m=1)) + S, sin(m-1)1)P} ] (sine))
¢ ¢
. 9, = - % Z Z (F) 3((cy, sin(ml)r = s, cos(me1)1)P) il (sing) +
r
£=0 m=0

+ (L-m+1)(£-m+2)(czm sin(m=-1)) - Slm cos(m-l)A)Pz:i(sin¢)}

o £
L
gz = - j& Ez: 2: (%) (L-m+1)(C£m cosmi + Slm sinmA)PLTl(sin¢)
=0 m=0

g, = = Z z ( ) (£+1)(C£ cosm) + SZ sinm)P (sing)
L-O m=0

R N TS

gg = - -l‘!- Z Z (—) cos¢ .Lm sinn) = Szm cosmA)P?(sinM
£=0 m=0

u R msin
Oy = - ;2. lz Z (F’ (clm cosmi + slm sinm)) (—cB?% l(suw) -
=0 m=0

- P?+1(sin¢))
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TABLE III

GRAVITY GRADIENT FORMULAS

o

L
4

S R 1 m+2 .
Gxx = + ;3 ! E (;) T((Clm cos (m+2)) + S(m sin(m+2)A)P£+2(bln.)

L=

o

mn==()

2(£-m+1)(£-m+2)(czm cosm\ + slm sinmx)Pgrz(sin¢) +
+ (t-m+l)(C-m+2)(C-m+3)(£-m+4)(C£m cos (m=2) 1 +

+ 8, sin(m-z)x)p?;g(sino)}

! 4
ny-ny-+r1“-£Z Z ‘B' %-{(sz sin (m+2)) =
=0 m=0

m+2

L+2(sin¢) - (L=m+1) (L-m+2) (L=m+3) (L-m+4) times

- S‘m cos(m+2)))P

(Cy 8in(m=2)1 - s,  cos(m-2)1)P},2 (sine) )

@ £
2
= u -R- 1 - V*A- -
ze = sz ?- Z Z (r, f{ (£=m+1) (cﬁ'ﬂ cosin+’) +
£=0 m=0

+ sLm sin(m+1)A)P?:§(sin¢) - (Z=ni+l) (L-m+2) (L-m+3) times

(Cop €08 (m=1)3 + Sy sin(m=1)2) P87 (sine))



TABLE III (continued) @

® L
(4
ny = _us_ Z Z ‘g) %-{-(sz cos (m+2)) + Slm sin("HZH)P?:g(ain:) -
r
£=0 m=0

- 2([-m+1)(£-m+2)(ccm cosm) + stm sinmA)Pzzz(sin¢) -
- (L-m+1)(Z-m+2)(L-m+3)(£—m+4)(czm cos (m=2)) +

+ szm sin(m=2))) P?I%(sin¢)}

@ L
L
= = H 5 .1.' - 3 -
Gyz Gzy ;7 §: z: (r) 21(2 m+2?(C£m sin (m+1) )
£=0 m=0

- Slm cos(m+l)A)PZI§(sin¢) + (£=m+l) (L-m+2) (L-m+3) times

(sz sin(m=1)) - SLm cos(m-l)A)P?$%(sin¢)}

G _ =X Z Z (5)£ (2-m+1) (£-m+2) (C,  cosmi + S inmA\)P,"_ (si
;3 = 2 ¢m Sin £4+2 sind¢)

Note: G__ + G + G o 0 (LaPlace's equation)
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FIGURE 9 - THE MOON'S POTENTIAL AND GRAVITY
(SEE TABLE 2)
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